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Abstract. A Q-manifold M is a supermanifold endowed with an odd vector field Q squaring 
to zero. The Lie derivative Lq along Q makes the algebra of smooth tensor fields on M 
into a differential algebra. In this paper, we define and study the invariants of Q-manifolds 
called characteristic classes. These take values in the cohomology of the operator Lq and, 
given an affine symmetric connection with curvature i?, can be represented by universal tensor 
polynomials in the repeated covariant derivatives of Q and R up to some finite order. As usual, 
the characteristic classes are proved to be independent of the choice of the affine connection 
used to define them. The main result of the paper is a complete classification of the intrinsic 
characteristic classes, which, by definition, do not vanish identically on flat Q-manifolds. As 
an illustration of the general theory we interpret some of the intrinsic characteristic classes as 
anomalies in the BV and BFV-BRST quantization methods of gauge theories. An application 
to the theory of (singular) foliations is also discussed. 

1. Introduction 

By definition, a Q-manifold is a pair (M, Q), where M is a smooth supermanifold equipped 
with an odd vector field Q satisfying the integrabihty condition [Q,Q] = 0. Every such Q 
is called a homological vector field. Equivalently, one can think of a Q-manifold as a smooth 
supermanifold whose structure sheaf of supercommutative algebras of functions is endowed 
with the differential Q. The action of Q is naturally extended from C°°(M) to the whole 
tensor algebra of M. Hereafter by the tensor algebra T(M) of a supermanifold M we mean 
the space of smooth tensor fields on M endowed with the usual tensor operations: the tensor 
product, contraction and permutation of indices. The Lie derivative Lq along Q respects the 
tensor operations and makes T(M) into a differential tensor algebra. We define the group of 
Q-cohomologies (with tensor coefficients) as the quotient Hq{M) = Ker(LQ)/Im(LQ). The 
tensor operations in T(M) induce those in Hq{M); hence, we can speak of the tensor algebra 
of Q-cohomology. 

Let us mention the examples of Q-manifolds, which are important in mathematics and 
physics. 

Example 1.1. An odd tangent bundle IITA^ of an ordinary manifold A^. This is obtained by 
applying the parity reversing functor 11 to the tangent space of A^. The algebra of smooth 
functions C°°{IITN) is naturally isomorphic to the exterior algebra of differential forms on 
and the role of Q is played by the exterior differential. 

Example 1.2. Replacing the tangent bundle of by a general Lie algebroid E ^ N, we 
come to the Q-manifold HE. The differential algebra of smooth functions on HE is modeled 
on r{A'E*), the exterior algebra of ii^-forms, with the differential Q being the Lie algebroid 
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differential dE '■ T{A"'E*) r(A"^^£'*). For a more detailed discussion of the relationship 
between Lie algebroids and homological vector fields see pQ. 

Example 1.3. Any Loo-algebra can be thought of as a formal Q- manifold with the homological 
vector field Q vanishing at the origin |2], [2]. In a particular case of Lie algebras we have 
a Q-manifold HQ, where ^ is a Lie the algebra and Q is given by the Chevalley-Eilenberg 
differential on A*Q* ~ C°°(n^). One can also view HQ as a linear Q- manifold coming from the 
Lie algebroid Q ^ {*} over a single point set. 

Example 1.4. In the theory of gauge systems, the homological vector field generates the BRST 
symmetry [1], [5]. To any variational gauge system one associates either a symplectic or an anti- 
symplectic manifold (according to which formalism, Lagrangian BV or Hamiltonian BFV, is 
used) together with an odd, selfcommuting, (anti-)Hamiltonian vector field Q. The correspond- 
ing (anti-)symplectic two-form, being Q-invariant, defines an element of the Q-cohomology 
group. More generally, the quantization problem for non-variational gauge dynamics leads 
naturally to flat 5*00- or Poo-algebras whose first structure map is given by a classical BRST 
differential [S], [Zl, 0, 0. 

It should be noted that in many interesting cases, including the examples above, a Q-manifold 
carries an additional Z-grading relative to which Q has degree 1. In this case, Hq{M) is not 
just a differential group but a cochain complex. Though important in particular applications, 
the Z-grading is of little significance for our subsequent considerations and we do not address 
it here. 

A morphism of Q-manifolds is a smooth map cp : Mi — M2 inducing a homomorphism 
ip* : C°°{M2) — > C°°(Mi) of differential algebras, i.e., the usual chain property holds: Qioip* = 
(f* o Q2. In this case, the homological vector fields Qi and Q2 are said to be y?- related. As a 
composition of two morphisms is apparently a Q-morphism, we have a well-defined category of 
Q-manifolds. 

In this paper, we define and study the invariants of Q-manifolds called characteristic classes fiO\. 
These take values in the Q-cohomology and can be obtained by pulling back the Q- 
cohomology classes of some formal Q-manifold of infinite dimension (a classifying Q-space). 
The constructions of the classifying space and the corresponding characteristic map will be 
presented in Sees. 3 and 4; for now, we would like to provide a less formal introduction to the 
notion of the characteristic classes in terms of natural covariants associated to a Q-manifold 
with connection. Consider a Q-manifold M endowed with a symmetric affine connection V and 
let R be the curvature of V. The tensor algebra A C T{M) of all local covariants associated 
to Q and V is generated by the repeated covariant derivatives of Q and The algebra A 
is obviously invariant under the action of Lq and thus it is a differential subalgebra of T{M). 
We say that a Q-closed local covariant C G v4 is a universal cocycle if the closedness equation 
LqC = follows from the integrability condition [Q, Q] = regardless of any specificity of Q, 
V and M. In other words, the universal cocycles are Q-invariant tensor polynomials in V"Q 
and V^-R that can be attributed to any Q-manifold with connection. 

The characteristic classes of Q-manifolds can now be defined as the elements of Hq{M) 
represented by universal cocycles. It can be shown (Theorem 12.11) that the Q-cohomology 
classes of universal cocycles do not depend on the choice of symmetric connection and hence 
they are invariants of the Q-manifold as such. 



In the context of classical differential geometry, this statement is known as the second reduction theorem 
[121 p. 165], and the elements of A are called differential concomitants of V and Q, see also [13] . 
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The simplest examples of the universal cocycles are the tensor powers of the homological 
vector field Q®". Obviously, these cocycles exhaust all the universal cocycles that do not 
involve the connection. A less trivial example of a universal cocycle is obtained by taking 
the complete contraction of the 2n-form representing the Pontryagin characters of the tangent 
bundle TM with the contravariant tensor Q®^". The result is the sequence of Q-invariant 
functions P„ = StT^Rgg), where Rqq = [Vg, Vq] is a (l,l)-tensor defining an endomorphism 
of TM and the exponent n means the nth power of the endomorphism. 

The cocycles Q®"^ and P„ are members of two complementary sets of universal cocycles: 
intrinsic and vanishing. A universal cocycle is called vanishing if it vanishes identically upon 
setting the curvature R to zero. From the viewpoint of the Q-structure the most interesting 
are intrinsic cocycles. The intrinsic cocycles survive on flat Q-manifolds, that is why their 
cohomology classes are closely related to the structure of the homological vector field rather 
than the topology of M. This motivates us to introduce the notion of intrinsic characteristic 
classes. To give their formal definition we recall that the tensor algebra A of local covariants 
associated to Q and V is constructed from two infinite sequences of tensors {V"'Q} and {V^-R}. 
Let TZ denote the ideal of A generated by {V^i?}. Since LqTZ C TZ, we have the short exact 
sequence of complexes 

n A A/n 

giving rise to the exact triangle in cohomology 

H{n) ^ H{A) (1) 




H{A/n) 

Here H{A) is the tensor algebra of characteristic classes and d is the connecting homomor- 
phism. By definition, the space of intrinsic characteristic classes is identified with the subspace 
Imp^, = Keid C H{A/1Z). Geometrically, one can view the group H{A/1Z) as the space of 
characteristic classes of a flat Q-manifold. The universal cocycles of a flat Q-manifold are built 
out of the (n, l)-tensors V"Q, symmetric in lower indices. If d is nonzero, not any characteristic 
class can be extended from flat to arbitrary Q-manifolds and the obstruction to extendability 
is controlled by the elements of Im9 = Keri* C H{TZ). In Sec. 6, we show that the space Imd 
is nonempty and spanned by the functions P„. 

The main result of this paper is a complete classification of the intrinsic characteristic classes. 
In the case of flat Q-manifolds this is done in Sec. 5, where we construct a multiplicative (w.r.t. 
the tensor product) basis in H{A). The universal cocycles representing the basis elements are 
assembled into three infinite series A, B, and C. The elements of A-series are represented by 
odd functions on M, while the elements of B- and C-series are represented by tensor fields 
of types {n, 1) and (^,0), respectively, one for each n G N. The surprising thing is that one 
can always choose the basis cocycle to be tensor polynomials in VQ and V^Q alone, i.e., 
no derivatives higher than two of the homological vector field are needed to define all the 
characteristic classes. This resembles the situation with the characteristic classes of framed 
foliations or, more generally, with the Gelfand-Fuks cohomology [H], and this is more than 
just an analogy. In fact, with the concept of classifying space, we show that the enumeration 
problem for all independent characteristic classes of flat Q-manifolds amounts to computation 
of the stable cohomology of the Lie algebra of formal vector fields with tensor coefficients, the 
problem that was actually solved by D.B. Fuks [15]. The stable cohomology groups under 
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consideration are also known as graph cohomology groups, because they can be calculated via 
certain complex of finite graphs. The graph complexes were introduced by M. Kontsevich in 
the beginning of the nineties [12], [IT] and since then they have appeared in various contexts 
of differential geometry and topology as well as in the topological quantum field theory. It 
was stressed in [L8\ that various invariants (characteristic classes) of differential geometric 
structures can be defined as the image of the graph cohomology in the Q-cohomology of an 
appropriate Q-manifold (perhaps, with an additional structure). So the Q-manifolds provide a 
general framework for most of the known constructions of characteristic classes (Lie algebroids, 
vector bundles, foliations, complex structures, knots, strongly homotopical algebras, rational 
homotopy types, etc.). The further development of this framework was one of our motives for 
writing this paper. 

In Sec. 6 we extend the A-, B-, and C-series of characteristic classes from flat to arbitrary 
Q-manifolds. The extension is quite straightforward for the characteristic classes of series B 
and C, but it is up against some topological obstructions for A-series. Roughly, only half of A- 
series' characteristic classes can be defined for general Q-manifolds, and the definition involves 
a special choice of the symmetric affine connection. The obstructions for extendability of the 
other half are explicitly identified with the aforementioned set of Q-invariant functions {Pn}- 

In Sec. 7 we focus on the exterior algebra of local covariants with values in forms. The 
algebra has the structure of bicomplex with respect to the exterior differential d and the Lie 
derivative Lq. Under assumption that the Pontryagin classes of TM vanish, we prove that for 
any characteristic class represented by a differential form there exists a d-exact representative. 

In Sec. 8 the general construction is illustrated with some examples from quantum field theory 
and theory of foliations. Namely, we interpret the first term of A-series (the modular class) 
and the second term of C-series as lower-order anomalies of gauge symmetries in the BRST 
quantization approach. We briefly discuss a relationship between characteristic classes of Q- 
manifolds. Lie algebroids, and (singular) foliations and give an example of a regular foliation 
with nontrivial modular class. 

Some auxiliary results are proved in Appendices A, B, and C. 

Terminology and notation. We use the standard language and notation of supermanifold 
theory [12], [20] ■ Our tendency, however, is to omit the prefix "super" whenever possible. So 
the terms like manifolds, vector bundles, smooth functions etc., will usually mean the corre- 
sponding notions of supergeometry. Given a smooth supermanifold M with dimM = p\q, we 
set I dimM| = p + q. We let T{M) denote the algebra of tensor fields, X{M) the Lie algebra 
of vector fields, VL{M) the exterior algebra of differential forms, and 2l(M) the associative al- 
gebra of endomorphisms of TM. The algebra 2t(M), being a Z2-graded algebra over C°°(M), 
possesses a natural trace Str : 2l(M) — )• C°°(M). Sometimes it will be convenient to treat the 
space X(M) as a right 2l(M)-module and the space C°°(M) as a left X(M)-module. All the 
partial or covariant derivatives are assumed to act from the left. 
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Schools no 871.2008.02, by the State Contract no 02.740.11.0238 from Russian Federal Agency 
for Science and Innovation, and also by Russian Federal Agency of Education under the State 
Contract no P1337. EAM appreciates the financial support from Dynasty Foundation. 
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2. Q-VECTOR BUNDLES 

We begin with a collection of definitions and simple facts concerning the concept of equivari- 
ant vector bundles [21] . 

Let G be a Lie group (possibly zero or infinite dimensional). A G-manifold is a smooth 
manifold M together with a group homomorphism G — )■ Diff (M). In other words, the Lie group 
G acts smoothly on M. A G-equivariant map between G-manifold M' and M" is a smooth 
map / : M' — )■ M" such that f{gx) = gf{x) for all g & G and x G M'. In what follows we will 
refer to the G-equivariant maps as G-maps. 

Analogously, consider a vector bundle E over a smooth manifold M and let Aut(-E') denote the 
group of bundle automorphisms, i.e., the group of fiberwise linear diffeomorphisms f : E ^ E 
mapping fibers to fiber^. A G-structure on E is determined by a homomorphism G — )■ Aut(£'). 
Given a G-structure, we refer to as a G-equivariant vector bundle or just a G-bundle for 
short. Note that both the total space E and the base M of a G-bundle are G-manifolds and 
the canonical projection p : E M is a G-map. 

The G-bundles form a category (for a given G) whose morphisms are G-equivariant bundle 
homomorphisms. Upon restricting to the G-bundles over a fixed base manifold, we get a 
subcategory for which all the usual operations on vector bundles are naturally defined: the 
direct sum, tensor product, and dualization. The parity reversion functor E h-)> Ilii^, being 
compatible with bundle automorphisms, is one more natural operation in the category of the 
G-vector bundles. 

An even (odd) section s : M — > (n.)E of a G-vector bundle is called equivariant if it is a 
G-map. The equivariant sections form a vector subspace T'-^{E) C T{E) in the space of all 
smooth sections. They can also be viewed as fixed points of the natural action of G on T{E). 

G-vector bundles are of frequent occurrence. Here are some examples. 

Example 2.1. Any tangent bundle TM can be regarded as a Diff (M)-equivariant vector bundle 
and so are all the associated tensor bundles. If M is a G-manifold, then TM carries the 
canonical G-structure induced by the homomorphisms G — )■ Diff(M) — )■ Aut (TM). 

Example 2.2. Let M be a G-manifold and a : G — )■ GL{V) be a representation of G in a vector 
space V. Then ii^ = M x ^ is a trivial G-bundle; here G acts on E by g{x, v) = {gx, a{g)v). 

Example 2.3. If — )■ M is a vector bundle, then the n-fold tensor product E®^ is an S'„-bundle, 
where S'„ is the symmetric group permuting the factors of the product and M is regarded as a 
trivial S'^-manifold. 

In this paper, we mostly consider equivariant vector bundles associated to the Lie group 
]R°'^. If TT : — )■ M is such a vector bundle, then the infinitesimal action of ]R°'^ on E 
and M is generated by some homological vector fields Qe and Qm, respectively; in so doing, 
Qm appears to be a unique vector field vr-related to Qe- For this reason, we will refer in 
sequel to ^-equivariant vector bundles as Q-bundles or vector bundles endowed with a Q- 
structure. Let T{E) = ©„ ,„T"'™'(-E) denote the algebra of the i?-tensor fields on M; by 
definition, r"'"(^) is the G°^(M)-module of sections of (E*)®" ® E®™. Then the action of Qe 
on E, being fiberwise linear, endows T{E) with the structure of a differential tensor algebra. 
The differential 5 : T{E) T{E) is completely determined by its action on local coordinate 



It is usually assumed that /Ia/ = idu- In our definition of the group Aut(£^) we admit a nontrivial action 
of / on the base M . 
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functions {x*} on U <Z M and a frame of sections {sa} in E\u: 

Here Qm = '^*{Qe) is the aforementioned homological vector field on the base M, and the 
odd matrix A is called the twisting element. It follows from the relation 5^ = that in each 
trivializing chart the twisting element obeys the Maurer-Cartan equation 

QmA = A' . (2) 

If are the fiber coordinates on E dual to the frame sections {s^}, then the homological 
vector field Qe can be locally written as 

QE = QMi-)^ + y^Ki^)^,- (3) 

Writing C^{E) for the space of smooth functions on E that are linear in the fiber coordinates, 
we can invariantly characterize Q^; as a homological vector field whose action preserves the 
subspace C^ni^) C C°°{E) (and, as a consequence, the subalgebra C°°{M) C C°°{E)). 

Since Q^; is odd, its action is always integrable to the action of R°l^ and so there is a one-to-one 
correspondence between the M°'^-equivariant vector bundles and the vector bundles endowed 
with the action of the linear homological vector field From this perspective, a morphism 
of Q- vector bundles is just a fiberwise linear map (p : Ei ^ E2 such that Q2 = (p*{Qi)- In what 
follows, it will be convenient to refer to a Q- vector bundle as a pair {E, 6), where E is a vector 
bundle and 5 is a differential on the algebra of ii^-tensor fields. Q-invariant E'-tensors (i.e., M"'^- 
equivariant sections of the associated tensor bundle) are by definition cocycles of the differential 
S. Clearly, the corresponding group of 5-cohomology, defined by H{E,6) = Ker5/Im5, inherits 
the structure of tensor algebra, H{E,S) = ^ H"'"^{E,5). 

Let us give some examples of Q-vector bundles. 

Example 2.4. If is a vector bundle, then {E,0) is a Q-vector bundle with trivial differential. 

Example 2.5. The tangent bundle TM of a Q-manifold has a canonical Q-structure defined by 
the Lie derivative Lq along Q. 

Example 2.6. Let £^ be a vector bundle over a Q-manifold and suppose E to admit a flat 
connection V. Then Vg = 0, and we have the Q- vector bundle {E, Vq). 

Any morphism (p : Ei ^ E2 of Q-vector bundles induces a homomorphism on section^ 

0, : T{E;) ^ T{El) , (4) 

where EI2 are the Q- vector bundles dual to Ei^2- The homomorphism 0^, in its turn gives 
rise to a homomorphism of the cohomology groups Ker5/Im5 of the differential 6 on the space 
of sections r(i?j*2)- Generally there is no natural way to extend (jl]) to the full algebras of 
i?-tensor fields except when is a fiberwise isomorphism. In this last case, we have a unique 
homomorphism 0* : T{E2) — ?■ r(i?i) such that 

{Mu),Mv)), = {u,v)2 0(P\m,, WueT{E;), \/veT{E2). 

Here the triangle brackets (■, ■) stand for pairing between the spaces T{E) and r{E*). The pair 
(f = (0*, 0*) defines a homomorphism if : T{E2) — )■ T{Ei) of differential tensor algebras. Thus, 

^We simply identify T{E*) with C^^{E), then (|).^, is given by the puUback of cf). 
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we get a homomorphism of 5-cohomology groups 

We emphasize that the last homomorphism can be defined only when rankii^i = rank£'2 and 
(J) : El ^ E2 is a. fiberwise isomorphism. 

Let us now specify the constructions above to the tangent bundle of a Q-manifold. In this 
case, we have a canonical Q-structure on TM identified with the operator of Lie derivative 
S = Lq. The differential tensor algebra of M was denoted by T(M) and the Q-cohomology 
group was denoted by Hq{M) (see the previous section). Upon choosing a symmetric affine 
connection V on M, we can define the algebra of local covariants A C T(M). As a tensor 
algebra A is generated by two sequences of tensor fields {V"'Q} and {V"-R}, R being the 
curvature of V. Since 6A C ^ is a differential subalgebra of T(M) with the cohomology 
group H{A). The natural inclusion 

f.A^ r{M) 

induces the homomorphism in cohomology 

: H{A) ^ Hq{M) . 

In the previous section, we gave a preliminary definition of the characteristic classes of Q- 
manifolds as elements of Imi^, that are represented by the so-called universal cocycles. The 
adjective "universal" implies that the 5-closedness condition is satisfied by virtue of the inte- 
grability condition [Q, Q] = alone. With this interim definition, we can readily show the 
independence of the characteristic classes of the choice of V. 

Theorem 2.1. The characteristic classes of a Q-manifold do not depend on the choice of 
symmetric connection and hence they are invariants of the Q-manifold itself. 

Proof. Let Cvo[Q] and CyJQ] be two universal cocycles that differ only by the choice of the 
connection. Consider the direct product of M and the linear superspace M^'^ with one even 
coordinate t and one odd coordinate 9. The product structure of M = M x R^l^ induces the 
decomposition of the linear space of tensor fields: 

r{M) = r'iM)®r"iM), 

where T ' (M) is the space of sections of the vector bundle 

T*'*M X R^li — >M. 

Simply stated, the elements of T (Af) are the smooth families of tensor fields on M parame- 
terized by "points" of M^'^. So, we have two natural projections 

7r':r(M) ^r'(M), tt" : r(M) ^ T "(M). (5) 

Equip the supermanifold M = M x R^l^ with the ho mo logical vector field Q = Q + 9dt and 
an adapted connection V. The latter is completely specified by the covariant derivatives: 

VjLV = dtV, VjLV = deV, VxV = Vx{tt'V) + X{7t"V) , 

dt do 

where V G X(M), X G X(M) and V* = tVi + (1 — t)Vo is the one-parameter family of 
connections on M. Clearly, the operator 6 = Cq commutes with the projectors (jS]): 

6 n' = Ti'5 , 5 n" = n" 5 . (6) 
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Consider now the universal cocycle Due to the specific structure of Q and V we have 

Ti\C^[Q])=Cy^[Q]+e^> (7) 
for some ^ G r (M) obeying de'^ = 0. Since (5Cy[(5] = 0, it follows from ([6]) and ([7]) that 

5n'C^[Q] = SiC^t[Q]+e^) = 0. 
The last equation is equivalent to the following ones: 

S{C^t[Q]) = 0, dtC^t[Q]=S^. 
Integrating the second equation by t from to 1, we get 

CvJQ]-Cvo[Q] = 5 f'dt^. 

Jo 

Thus, the (5-cohomology class of the universal cocycle Cv[Q] does not depend on the choice of 
symmetric connection. □ 

3. The classifying Q-space 

Let be a finite-dimensional superspace with coordinates y*. Denote by Lq{V) the Lie 
algebra of formal vector fields on V vanishing at the origin. The generic element of Lo{V) reads 

°° . . . d 

n=l ^ 

One can regard the expansion coefficients vj ...^^^ G M as coordinates in the infinite-dimensional 
superspace Lo{V) = L^{V) © L\V). 

As usual, we can associate to Lo{V) the linear manifold M = IlLo{V) with coordinates 
definition, e(c^^...j^) = ^{'vl_^...i„) + 1- The Lie algebra structure on Lo(y) is then 
encoded by the homological vector field 

„=i 1=1 

on M. Besides, M is provided with the natural action of GL{y). Since Q is obviously invariant 
under the GL(V")-transformations, one can think of it as an equivariant section of GL(V^)-vector 
bundle TM. 

Taking V as typical fiber, consider the trivial vector bundle E = M x V with the diagonal 
action of GL{y). We can assign E with a Q-structure starting with the homological vector 
field Q on the base. To this end, we need to specify a twisting element A G T^'^(E) satisfying 
the Maurer-Cartan equation ([2]). Using the natural frame Vi = d/dy^ in V, we set 

svi = -i-iy'4v,. (9) 

Since the action of the homological vector field commutes with the general linear transforma- 
tions, we can regard E as an M^'^ x G'L(y)-equivariant vector bundle. For reasons clarified 
below we refer to (E, 6) as a classifying Q -space. 

Associated to E is the differential algebra T(E) = ^T"'™'(E) of E-tensor fields. Denote by 
T(E)™^ C T(E) the tensor subalgebra of G'L(V^)-equivariant sections of T*'*E or, what is the 
same, GL(y)-invariant E-tensors. The subalgebra T(E)™^ is also invariant under the action 
of the differential 6. Therefore we can speak about the differential tensor algebra (T(E)™^, 6) 
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and the corresponding algebra of 5-cohomology if(E)™^. It should be emphasized that we treat 
M as a formal manifold, so the components of E-tensors are given by formal power series in 
the coordinates {c]^...j^}- As an example, consider the following sequence of GL(K)-invariant 
tensor fields with linear dependence of coordinates: 

C„ = dy^- ® ■ ■ ■ ® e r"-i(E)-^ . (10) 

It follows from the first main theorem of invariant theory [22], [H] that E-tensors f fTOj) 
constitute a multiplicative basis of T(E)™^ so that any GL(^)-invariant tensor is made up al- 
gebraically of {Cn}- The space T(E)™^ is naturally graded by the subspaces 7^(E)™^ consisting 
of the homogeneous tensor polynomials of degree r in {Cn}- This grading makes the space of 
G'L(V)-invariant tensor fields into the cochain complex: 

5 : 7;(E)'"^ ^ r.+i(E)'°V 

Besides, we have an increasing filtration of T(E)™^ by the sequence of subcomplexes 

C FiTiEY''^ C F2r(E)'°^ C ■ ■ ■ C Foor(E)^^^ = r(E)^^^ , (11) 

where the E-tensors from F„T(E)™^ are generated by Ci, C„,. 

Observe that the tensor algebra T(E)™^ is not freely generated by {C„,} and it is not hard to 
write some tensor polynomials in C"s that vanish identically for some values of dim V. Denote 
the space of all such polynomials by I. Then, the second main theorem of invariant theory 
[22], [H] ensures that I fl Ffc7^(E)™^ = for | diml^| ^ k,r. Informally speaking, the algebra 
T(E)'°^ becomes free as the dimension of V goes to infinity. We will return to this point in 
Sec. 5. 

4. The characteristic map 

Let M be a flat Q- manifold, i.e., a smooth manifold endowed with a homological vector 
field Q and a flat symmetric connection d. We can assume without loss of generality that M is 
simply connected (otherwise replace (M, Q) by its universal covering Q- manifold (M, Q), where 
Q is the lift of Q with respect to the covering map@ p : M ^ M) . Under these assumptions M 
is a parallelizable manifold and the Lie derivative 6 = Lq makes TM into a trivial Q-vector 
bundle endowed with a flat connection. 

In this section, we use the data above to construct a characteristic map of TM to the classify- 
ing Q-space E = M x l^, where V is the typical flber of TM. The construction is not completely 
canonical and depends on the choice of a trivialization ip : TM M x V . Nonetheless, we 
show that the puUback of the characteristic map gives rise to a well-deflned homomorphism 
in the cohomology if(E)™^ — )■ Hq{M) that depends neither on the flat connection nor on the 
choice of trivialization. The construction goes as follows. 

Let ip : TM M x V he a. trivialization and v^* : r(M x V) — )■ X(M) is the induced 
homomorphism on sections. Given a flat symmetric connection d, we say that the trivialization 
(p is compatible with d, if the pullback of any constant section v G r(M x V^) is a covariantly 
constant section of TM, i.e., dx'P>*{v) = for all X G X(M). Clearly, the pullback of constant 
sections defines a global frame in TM, which is completely determined by its value at any 

■^To define the universal covering of a supermanifold M, we identify M with the total space of an odd vector 
bundle E — > Mb, where AIb is the body of M. If Mb is a universal covering of Mb and p : Mb Mb is the 
corresponding projection, then the universal covering of M is, by definition, the supermanifold M associated to 
the total space of the pullback bundle (E) . 
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single point p G M. (The frame in TgM results from the parallel transport of a frame in TpM 
along any path joining p to q.) Since any two frames in TpM are related to each other by 
an invertible linear transformation, we can identify the set of all the compatible trivializations 
with the group GL(y). 

The isomorphism ip is naturally prolonged to the isomorphism of associated tensor bundles 

Here V^"'™ = V^"' ® (V*)®™- is the standard GL(V^)-module. Given an even (odd) section 
s : M — )• (n)T"''^M, one can define the so-called Gauss map M — )■ (11)1^"'™ through the 
composition of maps 

M^^(n)T"''"M^^M X (n)\/"''"^^(n)\/"'™ , 

with p being the projection onto the second factor. Given the homological vector field Q and 
the fiat symmetric connection d, we can build the sequence of tensors d"'Q G T"'^(M). Taken 
together the tensor fields {d"'Q}'^^i define the Gauss map 

G : M ^ M (12) 

of the fiat Q-manifold M to the base M of the classifying Q-space E. Note that the Gauss map 
G depends on the trivialization ip, even though we do not indicate this explicitly. Let {x*} be a 
local coordinate system on M adapted to the fiat connection d in the sense that the Christoffel 
symbols of d vanish and let V spans the coordinate vector fields {d/dx^}. Then the coordinate 
expression of the map ( IT2l) is 

<...„=5n---5.„Q'(^), n = l,2,.... (13) 
Further, we can trivially extend the Gauss map G to the bundle map 

G : TM ^ E (14) 

by setting 

G : TM-^M X x ^ = E . (15) 

Again, the map G depends on the chosen trivialization ip. Since G is a fiberwise isomorphism, 
it gives rise to the pullback map on sections, which then extends to the homomorphism of the 
full tensor algebras 

G, : r(E) ^ r(M) . (16) 

Theorem 4.1. The map G defined by Eg. / I73]) is a morphism of Q -vector bundles. 

Proof. We only need to show that the homomorphism flTBl) obeys the chain property 

5oG* = G*o5. (17) 

In view of the Leibniz rule, it is enough to check the last operatorial identity on the coordinate 
functions on M and the frame sections of E. This can be done directly by making use of the 
coordinate description of G and 6 given by Eqs. ([8]), ([9]), f|T3l) . Applying (|T7|) to the coordinate 
functions c^^...j^ G C°°(M), we get 

Q'"9„9., ■ ■ ■ d.„Q^ = J2 (f) (-l)^'^+-+^''+'% ■ ■ ■ d.^Q-'dmd.,^, ■ ■ ■ 9,„)Q^ (18) 

1=1 ^ ^ 
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where the parentheses around indices denote symmetrization in the graded sense. But the last 
equahty is just the differential consequence of the integrability condition for the homological 
vector field: 

If now {y*} are linear coordinates in V such that G*(9/9y*) = d/dx'^, then 



^dy^ J dx^ dx^ 

and the same expression results from the right hand side of (ITTj) : 



.((-l)^+-ci)-Gj— =(-1 



dy j J dx '- dx^ 

□ 

Of course, the proof above is rather technical and involves a local coordinate consideration. 
A more "conceptual" proof of Theorem 14. II is given in Appendix A. 
Given a flat Q-manifold M, we call fll4p a characteristic map. 
To simplify our notation we will denote the restriction of G,, to T(]E)™^ C T(]E) by 

X : r(E)'"^ ^ T{M) . (19) 

As a differential tensor algebra, T(E)™^ is generated by the linear G'L(\^)-invariant tensor fields 
( !T0|) . The homomorphism x assigns to each generator C„ C T"'^(]E)™^, n > 0, the tensor field 

= G r"'i(M) (20) 

given by the covariant derivatives of the homological vector field. Supplementing the tensors 
( 120|) by the homological vector field itself, we get the full set of generators for the differential 
tensor algebra of local covariants A C T{M) associated to a fiat Q-manifold (see Sec. 1). The 
homomorphism f|T9|) induces a well-defined homomorphism in cohomology 

X.:H{¥.r^ ^Hq{M). (21) 

Theorem 4.2. The homomorphism f21\) is independent of a flat connection and a compatible 
trivialization. 

Proof. The homomorphism x* takes a (5-cocycle A G T(]E)™^ to the universal (5-cocycle x*(A) G 
A and the independence of a fiat connection follows from Theorem 12.11 

If now M X V" and M ^V' are two compatible trivializations of TM, then V' = g{V) for some 
linear isomorphism g. Thus the group GL{V) acts transitively on the set of all trivializations 
compatible with a given fiat connection. This action then translates to the natural action of 
GL{V) on E and, by definition, leaves invariant the tensor fields of T(E)™^. □ 

Remark 4.1. Actually, the homomorphism (1191) makes sense for arbitrary flat Q-manifolds, 
not necessarily simply connected: It just defines a way of constructing local covariants from 
the elementary ones {d^Q}. The chain property x°'^ = 5°xis apparently a local condition 
following from the identity f|T8l) . However, for a simply connected Q-manifold M we have a nice 
geometric interpretation for f[T9|) . fl2Tl) as homomorphisms induced by a morphism of Q- vector 
bundles. 
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To give the final definition of the characteristic classes we need some facts concerning the 
structure of the tensor algebra A. Let A' C A denote the subalgebra generated by the homo- 
logical vector field Q (as a linear space, A' is spanned by the tensor powers {Q^"'}) and let 
A" C ^ be the subalgebra generated by the elementary covariants d"Q with n > 0. 

Proposition 4.1. With the definitions above, 

(a) A" = lmx; 

(b ) both A' and A" are differential subalgebras of A; 

(c) A = A'(^ A", and hence H{A) = H{A!) ® H{A"). 

Proof. The equality (a) is obvious and the subalgebra A!' C ^ is closed under the action of 5 as 
the homomorphic image of the differential tensor algebra T(]E)™^. It is also clear that 5 A! = 
and (6) is proved. 

Next we note that the elements of A are obtained by applying the tensor operations to 
the generators {d^Q}; in so doing, we can ignore the elements involving contractions of the 
homological vector field Q with d"'Q. Indeed, as is seen from Eq. f[T5]) . any such contraction 
is equal to an element of A" and we are lead to conclude that each element of A is uniquely 
represented by a linear combination of tensor products u ^ w, where u & A' and w G A". 
Applying the Kiinneth formula to the tensor product of complexes A' CS) A" completes the proof 
of (c). □ 

As is seen, the contribution of the homological vector field per se to the algebra of local 
covariants as well as its cohomology can trivially be factor out, so that the most interesting 
universal cocycles (i.e. ones involving derivatives of the homological vector field) are centered in 
A". This motivates us to identify the characteristic classes of flat Q-manifolds with the group 
H{A") rather than the whole group H{A) as it was done in the Introduction. Then we have 
the following 

Definition 4.1. The characteristic classes of a flat Q-manifold are the Q-cohomology classes 
belonging to the image of the homomorphism fl2T|) . 

5. Stable characteristic classes and graph complexes 

The characteristic classes will carry a valuable piece of information about the structure of 
Q-manifolds provided that the (5-cohomology groups if"'™(E)"^^ of the classifying space are 
simultaneously wide enough and effectively computable. The next logical step is thus to find 
an explicit description for the equivariant cohomology of E. Unfortunately, the computation 
of the groups if"'™(E)™^ for arbitrary m,n,r and diml^ appears to be a hard problem yet 
to be solved. The problem, however, becomes much simpler in the so-called stable range of 
dimensions, where by stability we mean |dimV| ^ r, n. For an even vector space V the 
corresponding stable cohomologies were computed by Fuks [15j (see also [23], for evaluation of 
the lower bound of stable dimensions). It turns out that the method of [15] applies well to an 
arbitrary superspace V, not necessarily even. For completeness sake, below we re-expose Fuks' 
results for general superspaces in a form convenient for our subsequent discussion. 

The first step of our computation consists in the reinterpretation of the GL(^)-equivariant 
cohomology of E as the cohomology of a certain graph complex. We consider the graphs 
satisfying the following special properties: 

(a) each edge is equipped with a direction; 

(b) each vertex has exactly one outgoing and at least one incoming edge; 
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Figure 1 . Some typical examples of tree and cyclic graphs. The labels on the vertices 
are from the proof of Theorem 15.11 

(c) we admit outgoing and incoming legs, i.e., edges bounded by a vertex from one side and 
having a "free end" on the other; 

(d) the vertices, the incoming and outgoing legs are numbered (numbering each of these 
three sets we define a decoration of a graph). 

The graphs need not be connected and loops are allowed. 

The genus of a graph F is the first Betty number of its geometric realization as a one- 
dimensional cell complex (with one extra 0-cell added for each leg). Accordingly, the zero 
Betty number counts the number of connected components of F. Two graphs are considered 
to be equivalent if they are isomorphic as cell complexes and the corresponding isomorphism 
respects both the decoration and orientation of edges. 

It is easy to see that the restriction (b) imposed on the vertices of our graphs implies that 
the genus of each connected graph is either or 1. We refer to the graphs of these two groups 
as tree and cyclic, respectively, see Fig{TJ Notice that each tree graph has the only outgoing 
leg, while a cyclic graph has none. 

The algebra T(]E)™^ admits a very helpful visualization. Namely, to each generator 

d 

Cn = dy'- ® dy'-' ® • • ■ ® dy'^cl^...^— (22) 
of T(E)™^ we associate a one- vertex planar graph 




1 2 



called corolla, whose incoming legs 1,2, ...,n symbolize the covariant indices while 
the unique outgoing leg corresponds to the contravariant index j. A linear basis in T(E)™^ 
is obtained from the generators (!22|) by means of the tensor operations. These have obvious 
graphical counterparts. The tensor product of k generators 

C = Cn,®Cn,®---® Cn, (24) 

is represented by the ordered disjoint union 

F = U U ■ ■ • U jrik 

of the corresponding corollas. The lexicographical ordering in writing the disjoint union assigns 
the unique vertex of C F with the number i, and the numberings of the incoming and 
outgoing legs of are shifted by ni + ■ ■ ■ -|- Ui-i and i — I, respectively. In such a way the 
graph F gets a natural decoration. 
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To describe a contraction of the tensor fl24|) . say, one corresponding to a covariant index i 
and a contravariant index j, we are just gluing the free end of the outgoing leg j of F with the 
free end of the incoming leg i to produce an oriented edge joining a pair of vertices; in so doing, 
the uncontracted legs are renumbered by consecutive numbers according to their order in F. 

Finally, a permutation of indices in f l24p results in exchange of numbers among the corre- 
sponding legs. 

It is quite clear that any of the graphs can be produced from the corollas f l23|) with the 
help of elementary operations above and to any such graph F one can assign a unique tensor 
C e T(IE)'"^. The correspondence F i— )■ C defines a map, denoted by R, from the set of all 
graphs obeying {a)-{d) to the set of GL(\^)-invariant E-tensors. 

Example 5.1. By way of illustration, let us apply the correspondence map R to the graph F of 
the form 




(25) 



12 3 4 



To write down the tensor -R(F) G T(]E)™^ we first cut the graph into the ordered disjoint union 
of two corollas 73 U 72; the order is defined by the numeration of the vertices. To each corolla 
7„, n = 2,3, we associate a generator C„ G T"'^(]E)™^ such that the map R takes 73 U 72 to 
the tensor product C3 ® C2. Then we glue the cut edge down to produce the original graph F, 
graphically 




1234123 123 



contracting simultaneously the corresponding indices of C3 ® C2. The tensors {C„} being 
symmetric in lower indices, it does not matter which incoming leg of 72 is glued to the outgoing 
leg of 73. Finally, we rearrange the indices according to the order of legs. The result is given 
by 

A = (dy'' ® dy^ dy'c^jj^dn) ® (dy^ ® dy'c^idm) 
= dy' ® dy'' ® dy^ ® dfa^^^.d^ , 

where 

m _ Us „n „m 

"•ijks ~ \ ^) Hjk^ns ■ 

Our convention for the pairing of vectors and covectors is 

d,(^dy^ := {d,,dy^)=6i, 

and we follow the usual sign rule: if two object of parities ei and €2 are interchanged then the 
factor (— l)'^^'^^ is inserted. 
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Observe that applying the correspondence map R to the graph ( |25|) with altered order of 
vertices (but the same order of legs) yields 

{dy^ ® dy'd^id^) ® {dy^ ® dy^ ® dy^c^M = ■ 

Clearly, using the cut-and-paste algorithm above, one can unambiguously reconstruct a tensor 
field by a graph with an arbitrary set of vertices. 

Let us now introduce the real vector space Q spanned by all the graphs satisfying the condi- 
tions (a)-(ci) above. The tensor operations and the correspondence map R extend to the space 
Q by linearity. The space however, is not what we actually need, since the homomorphism 
R : Q ^ T(IE)™^ is far from being a bijection. For example, if V is the graph obtained from a 
graph r by transposition of two labels on vertices, then 

R{T') = -R{T) . 

The minus sign is due to the fact that the elementary covariants {C„} depicted by the corollas 
{7„} are Grassman odd (c.f. Example 15. ip . This motivates us to introduce the quotient space 
Q = Q I with respect to the equivalence relation V ~ —T. The tensor operations or, more 
precisely, their graphical representation pass through the quotient making Q into an abstract 
tensor algehr^ freely generated by the corollas (1231) . Concerning the general concept of an 
"abstract tensor calculus" we refer the reader to the recent papers [21], [25]. As a linear space, 
Q splits into the direct sum of finite-dimensional subspaces: 

n,m,k 

where the superscripts n and m refer to the number of incoming and outgoing legs of a graph, 
while the subscript k indicates the number of the vertices. In addition to this trigrading the 
algebra Q possesses an increasing filtration 

c F,g c C---C F^g = g 

mimicking the filtration (fTTj) of T(]E)™^. By definition, the subalgebra -F„^ C ^ is generated 
by the corollas fl23l) with at most n incoming legs. 

The map R induces the map from g to T(]E)™^, which we will denote by the same letter R. 
Passing to the quotient g = g / ^ does not kill the kernel of R completely. For example, if 
dim V = 1|0, then 

The last equality, however, could not take place if the space V were big enough. More precisely, 
the second main theorem of invariant theory [22], [H] ensures that the map 

R : F,^"'"^ ^ F^r"'™(E)^'^" (26) 

is an isomorphism of vector spaces provided that | dimV^| ^ r,n. 

Thus, in the stable range of dimensions the homomorphism R allows one to replace the tensor 
algebra T(E)™^ by the graph algebra g. Then, the puUback of the differential 6 in T(]E)™^ via 

^Unfortunately, there is no commonly accepted name for this object. A more expressive term would be 
desirable. As we will see in a moment Q is not just an algebra but a cochain complex, whose coboundary 
operator respects the tensor operations. So, an appropriate name might be the differential algebra of graphs 
(DAG). 
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the isomorphism (126|) gives Q the structure of cochain complex with respect to the coboundary 
operator 

in so doing, the stable cohomology groups of T(E)™^ appear to be isomorphic to the graph 
cohomology groups H{Q) = Ker9/Im9. Since d differentiates the tensor product and commutes 
with the contraction it is sufficient to describe its action on corollas. Translating formulas f l66p 
and ( E7|l into the graph language, we get 



and 



(27) 




for I J| > 1. A decoration on F G ^ induces a decoration on each summand of dT as follows: 
splitting of the mth vertex produces a pair of new vertices that are labelled by m and m + 1, 
the labels less than m remain intact while the labels greater than m increase by 1. 

A remarkable property of the differential d is that it neither permutes the connected com- 
ponents of a decorated graph nor changes their number. More precisely, the complex ^"'"^ 
is decomposed into a direct sum of its subcomplexes GAu---,Ak;Bi,...,Bk^ where {Ai, A^} and 
{Bi, are partitions of the sets {1, ...,n} and {1, ...,m}, and Ga^,,,^a^-Bi,...,b^, generated 

by graphs with k connected components, the Ith of which contains incoming and outgoing 
legs labelled by the elements of Ai and Bi, respectively. Notice that the sets {Ai, ...,Ak} and 
{Bi, ...,Bk} are defined up to simultaneous permutations of Ai with Aj and Bi with Bj, and 
some of the sets Ai, A^, Bi, ...,Bk may be empty. Let Q = 0^"'™ denote the subcomplex 
of connected graphs. Then it is clear that 

k 

yAi,...,Ak;Bi,...,Bk -Vyy 
1=1 

and by the Kiinneth formula the computation of the graph cohomology boils down to the 
computation of the group H{Q). 

The complex Q in its turn splits into the direct sum of three subcomplexes: 

G = G' ®g" ® G'" . 

Here G' is spanned by the bivalent graphs build from 71. The subalgebra G" is generated by 
the corollas 7„ with n > 1, that is the valency of each vertex is at least three. Finally, G'" 
spans the graphs with at least one bivalent vertex and at least one vertex of valency greater 
than two. The invariance of each of these three subspaces under the action of the coboundary 
operator is obvious. 

The following statement can be viewed as a special case of Losik's lemma [26] (see also [HI 
Theorem 2.2.8]). 
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Proposition 5.1. H{g"') = 0, hence H{g) = H{g') © H{g"). 

Proof. Observe that for each graph T e Q'" there exists a unique, up to decoration, graph 
r e g" such that r is obtained from F by putting bivalent vertices on the edges of the latter. 
The edges of F, equipped with bivalent vertices, will be called branches. The length of a branch 
is just the number of bivalent vertices inserted. Denote by 7„ the branch of length n with the 
special decoration 



7n 



and consider a decreasing filtration 

g'" = F^g'" D F^g"' D ■ ■ ■ D F^g'" = o . (29) 

By definition, the graph F belongs to FnO'", if the underlying graph F G g" contains at least 
n vertices. Clearly, the differential d preserves the filtration. Associated to the filtration f l29p 
is the first quadrant spectral sequence {Er, dr} with i^g'*^ = FpO^'^^. Geometrically, the zeroth 
differential do : Eq ^ Eq acts only on the bivalent vertices of F according to the general rule 
(|27|) . lengthening the branches of odd length by 1 and annihilating the branches of even length. 
For instance 

We claim that Ei = Kerrfo/Imrfo = 0. Indeed, consider the operator h : Eq ^ Eq, successively 
acting on gamman by the rule 

/^7. = (^"^^' (31) 

' [0, otherwise. ^ ^ 

In so doing, the labels on the other vertices that do not belong to 7„ C F increase by 1. The 
action of h and do on an arbitrary decorated branch is easily reconstructed from (13T1) and (!30|) . 
if one notes that the change of decoration can always be compensated by an overall sign factor. 

Writing A = hdo + d^h, we see that A(F) = nT, where n > is the number of branches 
of nonzero length. The operator A being invertible, we can take A^^h : Eq ^ Eq to be a 
contracting homotopy. Thus the complex (£'o,(io) is acyclic and so is Q'". □ 

The complex of bivalent graphs splits as 

Q' = ^0.0 © ^1.1 , 

where the subcomplexes Q^'^ and ^"'^ span, respectively, the straight line and polygon graphs. 

Proposition 5.2. The complex Q^'^ is acyclic and 

R, ifn = 2m~l; 
0, if n = 2m. 

The corresponding nontrivial cocycles are given by the polygons 



Hn{g 



0,0\ 
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with an odd number of vertices. 

Proof. The proof is straightforward. □ 

We now turn to computation of the group H{Q"). The complex Q" breaks up into the direct 
sum of various subcomplexes 



Here the spaces (^")"'^ and (^")"''^ are spanned, respectively, by the tree and cyclic graphs with 
n incoming legs and no bivalent vertices (see Fig. [T]). To ease the notation, we will write 

r;j = (^")r''' and C = (a")r, (33) 

where the lower index m points to the number of vertices of a graph, while the upper index n 
counts the difference between its incoming and outgoing legs. Since the valency of each vertex 
is assumed to be greater than 2, it is easy to see that the following inequality holds for any 
graph from 7^ or C^: 

n = ^(n^-2)^m, (34) 

being the valency of a vertex v E V. So, for m > n the spaces (1351) are assumed to be 
zero, and for any n G N the graph complexes T" = {7^} and C"' = {C^} are given by finite 
sequences of finite-dimensional vector spaces. 

Theorem 5.1 (D.B. Fuks [I5]). 



dimHmiV) = dim H^{C 



{n — 1) \ , if n=m; 
0, otherwise. 



Proof. Here we reproduce the original Fuks' proof. Another proof can be found in [27", Sec. 4]. 

Consider first the case of cyclic graphs with n legs. A typical cyclic graph is depicted in Fig. 
[TJ It is given by a collection of legs and trees attached to the vertices of the cycle. Following 
Fuks, we introduce the complex dual to the complex C". Fixing basis in allows one to 
identify C" with its dual space (C")*. Then the differential 9* : — > in the dual complex 
has an extremely simple description. The graph d*T is given by a signed sum of decorated 
graphs which can be obtained from F by collapsing a single edge; in so doing, the loops remain 
intact. To specify the signs and decorations we can assume that the initial vertex of a collapsed 
edge e is labelled by 1 and the terminal vertex is labelled by 2. (The general case reduces to 
that by altering the order of vertices with appropriate sign factors.) Then, the vertex which 
results from collapsing e is numbered by 1 and the labels of all other vertices are reduced by 1. 
The labels of the legs remain the same. 

Since the groups {C^} are just finite-dimensional vector spaces, 

and we may focus upon computation of the c}*-cohomology. 

We filter (C"',9*) by the length of the cycle, i.e., let FpC" be the subcomplex of C" spanned 
by graphs with at most p cyclic vertices (or edges). In view of (IMl) the filtration is finite: 

= FqC" C FiC" C ■ ■ ■ C F„C" = C" . 

Let {E"^ , d''} be the spectral sequence associated to the filtration. Notice that E^^^ = FpCp_^_g = 
for g < and we have a first quadrant spectral sequence. The coboundary operator 9* : — )■ 
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C^_i is given by the sum d* = d* + 9*^, where the operator d* collapses only cyclic edges, and 
the operator d*^ collapses only non-cyclic edges. By definition = d*^. 

To compute = H{E^,dP), we arrange the cyclic vertices into three groups labelled by 
the letters a, 6, and c. The vertices of type a are trivalent vertices incident to one leg and 
two edges, the vertices of type h are trivalent vertices incident to three edges, and the other 
cyclic vertices (of valency greater than 3) belong to the type c (see Fig. [1]). With this partition 
we define a homotopy h : ^ ^k+v The operator h acts as a differentiation on the c-type 
vertices. Graphically, 



( tree) 



\ ' ' I (... ) 

A straightforward consideration shows that the homotopy h connects with the endomorphism 
that multiplies each cyclic graph by the total number of cyclic vertices of types h and c. Thus 
the subspace of graphs with at least one vertex of 6 or c type is acyclic. 
On the other hand, the graphs with only a-type vertices have the form 



n-l 




(35) 



and differ from one another only by decoration. Being free of non-cyclic edges, the graphs (1351) 
are automatically closed and represent nontrivial classes of (i°-co homology group E\q. The 
group Sn acts on fl35l) by permuting incoming legs. Since only the cyclic permutations lead to 
isomorphic graphs, the number of different decorations or, what is the same, the dimension of 
the space i?^Q is equal to (n — 1)!. 

For reasons of dimension, the spectral sequence degenerates on the first page and we get 
i?pQ ~ Hp{C"'). This proves the theorem for the case of the cyclic graph complex C". 

The case of tree graphs may be handled in much the same way, with the only difference that 
the filtration of the complex is now defined by the length of the unique path joining the 
first incoming leg of a connected tree graph to its outgoing leg. This path plays the role of the 
cycle in the previous consideration. The corresponding spectral sequence degenerates from E^ 
yielding the only nontrivial group E\q. The space E\q is spanned by the trivalent graphs of 
the form 

12 3 n 



(36) 



By construction, the leftmost leg is labelled by 1 and the labels on the other n — 1 incoming 



legs can be prescribed arbitrarily. Hence dim E}^ , 



n 



□ 



Remark 5.1. We can also give an explicit description for basis cocycles whose classes of d- 
cohomology generate the groups HniC") and HniT"). Relation f lM|) implies that the spaces 7^" 
and are spanned by the trivalent graphs. Since ^72 = 0, any trivalent graph is automatically 
9-closed. To extract a basis of nontrivial cocycles notice that the subspace of 9-coboundaries 
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is generated by graphs dV, where F has n — 2 trivalent vertices and one vertex of valency four. 
In accordance with the action of the differential on the 4-valent vertex reads 



2^ 



1 


\ 


V 


', 3/ 




1 / \ 3 

2 3 1 





Thus adding a coboundary amounts to the following equivalence transformation for a pair of 
nearby vertices of a trivalent graph: 





+ 




(37) 



It is easy to verify that applying this transformation properly time and again, one can bring any 
connected trivalent graph to a linear combinations of the graphs fl5S]) or fl5^ . For dimensional 
reasons, the graphs (!35l) and (!36|) must then span a basis in the space of nontrivial 9-cocycles. 

Interestingly enough that the equivalence relation (!37|) coincides in form with the defining 
relation for the quadratic operad of Lie algebras Lie. Our computations then show that the 
graph complex Qtree = ©„>i "7"", being an algebra under the grafting of trees, reahzes the 
minimal resolution of the Lie algebra operad, that is, CiCoo = {Gtree,d). For more details on 
the operadic interpretation of the graph cohomology, including the case of cyclic graph complex 
cycle = 0„>o<^", we refer the reader to [27], [2S]. 

Let us return to Q-manifolds. We define the stable characteristic classes of a flat Q-manifold 
as the image of the stable cohomology classes of T(IE)'"^ under the homomorphism fll9p . Using 
the explicit formulas (1131) for the characteristic map together with the correspondence map R, 
one can easily convert the basis cocycles of the graph complex into the universal cocycles of a 
flat Q-manifold. 

Given a homological vector field Q and a fiat symmetric connection V, we write A for the 
odd endomorphism defined by the rule A(X) = VxQ for VX e X{M). The covariant derivative 
of A yields a (2,l)-tensor VA. The assignment X i— )■ VxA allows us to identify VA with a right 
C°°(M)-module homomorphism from X(M) to 2t(M). Graphically, the tensors A = x o i?(7i) 
and VA = x° R{l2) sjce depicted by the bivalent and trivalent corollas, respectively. They play 
the role of building blocks for constructing stable universal cocycles associated with the graphs 
(152]) . fl5Sl) and (jSnD- Namely, the graph cocycles fl52]) . having the form of polygons with 2n — 1 
vertices, give the following sequence of Q-invariant functions: 

An = Str(A2"-i) . (38) 

The invariance of An follows immediately from the identity VqA = — A^ and the cyclic property 
of the supertrace. The cocycles fl36|) give rise to the sequence of Q-invariant tensors Bn G 
T^~^^'^{M). Identifying the (n + 1, l)-tensors with homomorphisms from X(M)®" to 2l(M), we 
can write 

Bn{X,,X2, ...,Xn) = Vx,AVx,A ■ ■ ■ Vx„A . (39) 
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Taking now the trace, we get the universal cocycles corresponding to the cychc graphs (!35|) : 

C„(Xi,X2,...,X„) = Str5„(Xi,X2,...,X„). (40) 

By construction, C„ G T"''°(M). The Q-invariance of the tensor fields {-Bn} and {C„} can be 
checked directly. In fact, it is enough to check the invariance of Bi = VA as the other cocycles 
are made of Bi by means of tensor operations. We have 

(-l)<^)(LQi?i)(X) = LqB,{X)-B,{[Q,X]) 

= VQB^{X) + [A,B,iX)]-B^{[Q,X]) 

(41) 

= (-l)^WVxi?i(g) + [A,5i(X)] 

= -(-l)^mVxA'-[A,VxA] = 0. 

We will refer to the (5-cohomology classes of the cocycles (!38|) . (139!) and (HOj) as the charac- 
teristic classes of A-, B-, and C-series. The results of this section can now be summarized as 
follows. 

Theorem 5.2. In the stable range of dimensions, the characteristic classes of a flat Q -manifold 
are generated by the characteristic classes of A-, B-, and C -series by means of tensor products 
and permutations of indices. 

6. Intrinsic characteristic classes 

So far we have dealt with construction and classification of the characteristic classes associ- 
ated to fiat Q-manifolds. In this section, we are going to extend the above consideration from 
the fiat to arbitrary Q-manifold. To begin with we note that the straightforward substitution of 
an arbitrary, non-fiat, symmetric connection to formulas fl38ti40p fails to produce the universal 
cocycles. Taking for example Ai we get 

5Str(A) = VQStr(VQ) = ^Str(i?QQ) , 

where 

RxY = [Vx, Vy] - V[x,y] e 2t(M) VX, Y G X(M) 
is the curvature of V. We can then try to restore the 5-closedness of the tensors fl38ti40p . where V 
is now an arbitrary symmetric connection, by adding to them appropriate curvature- dependent 
terms. Most easily this can be done for the characteristic cocycles of B— and C— series. Define 
the (2, l)-tensor field Bi as a C°°(M)-linear homomorphism from X(M) to 2l(M): 

X^B^{X) = VxA-RxQ- 

A calculation similar to f[41l) shows that Bi is a Q-invariant tensor for an arbitrary (i.e., not 
necessary fiat) connection |j. Therefore by making replacement Bi = VA i— )■ Bi in (139 p and 
( HU]) . we get two infinite series of universal cocycles {B„} and {C„} that generalize B- and 
C-series to arbitrary Q- manifolds. Theorem 12. II ensures that the 5-cohomology classes of these 
cocycles do not depend on the choice of symmetric connection, so that we have two well-defined 
series of characteristic classes [B„], [C„] G Hq{M). We call these characteristic classes intrinsic 
to stress the fact that they may well be nontrivial even for a fiat Q-manifold. In other words, 
the intrinsic characteristic classes are intrinsically related to the structure of the homological 

simple way to convince oneself that Bi is (5-closed is to observe that Bi = JF, with F — (^ij) being here 
the Christoffel symbols of the symmetric connection V. 
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Figure 2. (a) The transgression from the proof of Theorem I6.lt the nonzero fiber 
and base cells correspond to the one-dimensional spaces generated by the universal 
cocycles A„ and P„, respectively. (6) The first term of the spectral sequence from the 
proof of Theorem 17. 1[ 

vector field rather than to the topology of the underlying manifold. The latter may prevent 
the existence of a flat connection and give rise to universal cocycles that essentially involve the 
curvature and vanish in the zero-curvature limit. These last cocycles are called vanishing ones. 
The typical examples of vanishing universal cocycles are the following Q-invariant functions: 

= Str(R-) , (42) 

where R = Rqq G 2t(M). One can also view the curvature of V as a two-form R with 
values in 2l(M) and define the function P„ as the value of the 2n-form P„ = Str(R") on the 
homological vector fielcO, P„ = P„((5). Then the (5-closedness of P„ immediately follows from 
the (i-closedness of P^: 

6Pn = {dPn){Q)=0. 

The de Rham classes of the 2n-forms P„ are known as the Pontryagin characters of the tangent 
bundle TM. For a deeper discussion of the Chern-Weyl theory of characteristic classes in the 
category of supervector bundles we refer to [29j and [30]. The latter paper contains also a very 
natural generalization of the Chern-Weyl construction to the category of Q-bundles. 

The next theorem establishes a one-to-one correspondence between the vanishing cocycles 
and the universal cocycles of A-series (1551) . 

Theorem 6.1 ([ID])- Let M be a Q-manifold with symmetric connection. Then for each n eN 
there exists an invariant matrix polynomial A„(A, R) G C°°(M) in A and R such that 

A„(A,0) = Str(A2"-i) and 5A„(A, R) = p-i)Str(R") . (43) 
Corollary 1. The vanishing cocycles Pn = Str(R") are trivial. 
Corollary 2. If Pn = 0, then the function A„(A,R) is a 6-cocycle. 

Proof. We start with some auxiliary algebraic constructions, which model our geometric situa- 
tion. Namely, consider a DGA-algebra W = 0„>o ^ freely generated by one element 
a of degree 1 and one element b of degree 2. The elements of W are just linear combinations of 
words associated to the binary alphabet {a, b} and multiplication is given by concatenation of 
words. Denote by \w\ the degree of the word w. The action of the differential d : IV„ — )■ Wn+i 
on the generators reads 



da = a + b . 



db = [a, b] 



^The homological vector field being odd, the complete contraction of 
identically. 



(44) 

with Q®^" is not equal to zero 
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and extends to the whole W by the Leibniz rule: 

d{wiW2) = dWiW2 + ( — l)''"^'wi(iw2 • 

We define the cyclic space W as the quotient W = W/[W, W], where the subspace [W, W] C 
W is generated by commutators 

W1W2 - {-iy'"'^^'"^^W2Wi . 

The action of the differential ( 14^ passes trough the quotient making the cyclic space W into a 
cochain complex. Explicitly, 

da = —a^ + b , db = . 

The complex (W, d) is acyclic. This can be easily seen from the filtration of W by the length 
of words: 

The zero differential of the corresponding spectral sequence {E'^^d'^} acts on the generators as 

d'^a = b , (ig6 = . 

So, the complex {E^, d'^) is obviously acyclic and H{W) = 0. 

Let us now introduce one more grading on the space W by prescribing the following degrees 
to the generators: 

deg a = , deg 6 = 2. 
Associated to this grading is a decreasing filtration 

W„ = FoWn D F^Wn D ■ ■ ■ D = . (45) 

Here FpW = ©„>p W^^^ and deg W^"^^ = n. Since the deferential (jUj) preserves the filtration 
(HSj) . we have the first quadrant spectral sequence {E^, dr}r^o converging to H{W) = 0. By def- 
inition, Eq''^ = FpWp+q/ Fp^iWp+q. The zero differential of this spectral sequence is completely 
defined by its action on the generators of W: 

doa = —a^ , dob = . (46) 

Notice that E^''^ = 0, if p is odd. The complex {Eq, d^) splits into the direct product Eq = 
A (B B (B C of three subcomplexes. The space A = 0g>o ^^''^ generated by the odd powers 
of the letter a, B = 0p>o given by polynomials in b, and C = 0^ E^'"^ is spanned 

by cyclic words containing at least one syllable ab. It is clear from (1461) that H{A) ~ A and 
H{B) ~ B. The remaining complex C turns out to be acyclic. Indeed, any word w G C is 
decomposed into a product of syllables an = a^b and this decomposition is 

unique up to a cyclic permutation of factors. We have 

— a„_|_i, if n is odd; 
0, otherwise. 



doar. 



Define a differentiation /i : C — i- C by its action on syllables: 

-a„,_i, if n > is even; 



har. 



0, otherwise. 



Applying the operator A = d^h + hdo to a word G C, we get Aw = mw, where m > is the 
number of syllables a„ with n > the word w consists of. Thus, the operator A is invertible and 
A~^/i : C — )■ C is a contracting homotopy. The nonzero entries of the group Ei are depicted 
in Fig.2a. Since E^ =^ H{W) = 0, each nonzero element of the fiber space is transgressive and 
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"kills" some element on the base. In other words, the maps dr : E^'^ -E'r > = 2,4, are 
isomorphisms of one- dimensional vector spaces, so that (i2nO^"~^ = for some a„ 7^ 0. The 
last equation amounts to the existence of a sequence of elements Cm G ^2m,2{n-m)-i ^^^^^ ^-^^^ 

dia^""-^ + ci + C2 + ■ ■ ■ + Cn-i) = anb"" . (47) 

With a little work one can also find that an = (^"^^)- 
Comparing ( 14^ with the identities 

5A = + , 5R= [A, R] , 
we see that the homomorphism h : W ^ 2t(M) given by 

a ^ A , ^ ^ (48) 

is a representation of DGA-algebra {W,d) as a subalgebra of (2l(M),5). In view of the cyclic 

property of the trace, the composition Str o h : W C°°{M) descends to the cyclic space W 
defining a homomorphism of complexes. Applying this homomorphism to both sides of Eq. fl47p . 
we conclude that the invariant matrix polynomial 

A„(A, R) = Str o /i(a^"-i + ci + C2 + ■ ■ ■ + c„_i) 

satisfies Eqs. fl43l) . It is not hard to write explicit expressions for the first polynomials: 

Ai = Str(A) , 

A2 = Str(A3 + |RA) , 

A3 = Str(A5 + |RA3 + f R2A) , 

A4 = Str(A7 + |RA5 + ^R2A3 + ^RARA^ + f R3A) . 

□ 

In fact. Theorem 16.11 identifies the trivial 5-cocycles P„ with obstructions to extendability 
of A-series' characteristic classes to the non-fiat Q-manifolds. To prove this, we only need to 
show that the 5-cocycles P„ become nontrivial when considered as elements of the subcomplex 
of vanishing covariants TZ G A (see comments after ([T])). The proof of the last fact is not 
particularly interesting and we relegate it to Appendix [Bl Summarizing, it appears impossible 
to define the construction of A-series fl38|) in the full category of Q-manifolds, i.e., without any 
conditions on the geometry of M. Of course, the assumption that M admits a fiat connection is 
unduly restrictive; instead, one may only suppose the triviality of the nth Pontryagin character 
of the tangent bundle TM. In the latter case there exists a form F„ G Q'^^~^{M) such that 
P„ = dFn- The form F„ is not uniquely determined by the connection V as one is free to add 
to Fn any closed {2n — l)-form. If Fn = F„(Q), then 6Fn = Pn and by Theorem 16.11 we have 
the Q-invariant function 

A^ = A„(A,i?)-(V)^n- (49) 
If is another potential for the Pontryagin form, i.e., = dF'^, then the difference K„ = 
(2'7^)(F„ - F;) is closed and defines the de Rham class [KJ G Hf'-^^M). We have 

Af - = Kn , (50) 
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where = K„((5). In case K„ = (iW„, the r.h.s. of (150|) is given by the coboundary 
(^W„(Q), so that the (5-cocycles and appear to be cohomo logons whenever [K„] = 0. 
This motivates us to consider the homomorphism 

hQ : Q{M) ^ C°°(M) 

that evaluates an exterior form on the homological vector field Q. Since hqd + Shg = 0, hg 
induces the homomorphism in cohomology 

h*Q : Ha{M) ^ Hs{M) . 

Passing in (150|) to the (5-cohomology classes, we can write 

[Af ] - [A^] e lmh*g . 

The last formula just amounts to saying that the class [A^] + Im/i^ does not actually depend 
on the choice of F„. Thus, we have proved the following 

Theorem 6.2. Let M be a Q-manifold. Assume that the nth Pontryagin character of the 
tangent bundle TM is trivial. Then the Q-invariant function ( [7^ represents a well-defined 
element of HQ{M)/lmh*Q. 

It is well known that all the Pontryagin characters [P2m+i] vanish for the real vector bundles 
over the usual (even) manifolds, and the same statement holds true in the category of supervec- 
tor bundles. This means the existence of classes [A|^_,_^] + Im/ig for all Q-manifolds. Moreover, 
each class [Af^_,_]^] + Im/ig contains a canonical representative [^2m+i] ^ Hq{M), which can 
be viewed as an invariant of the Q-manifold itself. The existence of such a representative is 
established by the next two propositions whose proofs can be found in Appendix [Cl 

Proposition 6.1. Every supermanifold M admits a symmetric affine connection V with P^+i = 
for all m ^ 0. 

Since the construction of V satisfying the property above utilizes two auxiliary metrics, we 
will refer to V as the metric connection. Using this connection, we can define the series of 
5-cohomology classes [A^^^J G Hq{M) represented by the functions (H9l) with F2m+i = 0. 
One can view these classes as a proper generalization for the half of the scalar characteristic 
classes of A-series (138|) to the case of arbitrary (i.e., non-flat) Q-manifolds. The construction of 
the metric connection involves a great deal of ambiguity concerning the choice of the metrics, 
and it is important to check that this ambiguity does not affect on the classes [Agm.,.;^]. 

Proposition 6.2. The class [A^^.^]^] G Hq{M) is independent of the choice of metric connec- 
tion. 

In the particular case of homological vector fields coming from the Lie algebroids (see Exam- 
ple [L2]) the corresponding characteristic classes [A^m,,^^] add up to the secondary characteristic 
classes of Lie algebroids that were introduced and studied by Fernandes ^IJ within the frame- 
work of classical differential geometry. The class [A^], called the modular class of Q -manifolds 
[To], unifies and generalizes the well-known constructions of the modular classes of (complex) 
Poisson manifolds [32], [33], Lie algebroids [M], and the Lie-Rinehart algebras [35]; hence the 
name. Let us look at it more closely. 

Given a metric connection V, the modular class is represented by the covariant divergence 
of the homological vector field 

A° = Str(A) = ViQ' . 
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Equivalently, it can be defined in terms of a nowfiere vanisliing density p, instead of tlie metric 
connection: 

A? = div,Q = p-i9,(pQ0. 

For instance, one can take p = {det g^)^ {det g^)^ , where g^ and g^ are metrics entering the 
definition of V. If p' is another density on M, then A'^ is obviously cohomologous to A'J: 

A'? -A? = 5/, f = Hp'/p)eC^{M). 

Writing A.\ = p^^Lqp we see that the vanishing modular class [A^ G Hq{M) is the necessary 
and sufficient condition for M to admit a Q-invariant nowhere vanishing density. 

We conclude this section with the following extension of Theorem l5.2l to non-flat Q-manifolds. 

Theorem 6.3. Given a Q-manifold with metric connection, the tensor algebra of intrinsic 
characteristic classes is generated by the 6-cohomology classes of the universal cocycles {-^2m+i}' 
{B„}, and {C„} with the help of tensor products and permutations of indices. The intrinsic 
characteristic classes depend only on the Q-manifold, not on the choice of the metric connection. 

7. Characteristic classes with values in forms 

If M is a Q-manifold, then the algebra of exterior forms Q{M) carries a pair of commuting 
differentials: the exterior differential d and the Lie derivative 6 = Lq. In this section, we discuss 
an interesting interplay between both the differentials in the context of characteristic classes. 
For this purpose, let us consider the bigraded, bidifferential, associative algebra A = Anfl{M) 
whose elements are form-valued local covariants associated to the homological vector field Q 
and (not necessary metric) connection V. The first grading in A = ^A"'"^ is just the form 
degree, while the second one is the degree of homogeneity of an element / G A as a function of 
Q: 

A''"'3 f ^ f{tQ) = r/(Q) Vt G M . 

The commuting differentials d and 6 increase the respective degrees by one, making A into a 
multiplicative bicomplex. 

The intrinsic part of the 5-cohomology of the differential algebra A has been in fact computed 
in the previous section. It follows from Theorem 16.31 that the multiplicative basis of intrinsic 
5-cocycles is given by the forms 

Cn = Str(B5^) G A"'" , neN, (51) 

where 

Bi = VA - iqR G n\M) (g) a(M) . 

Hereafter we treat the connection as a first-order differential operator V : Q*{M) ® X(M) — )• 
fi'+^(M) ® X(M) satisfying the Leibniz rule: 

V(a; ®u) = du<»u + (-l)"+<'^)a; (g) Vn , 
Va;Gfi"(M), Vu G X(M) . 

The action of V is then canonically extended from Q{M) (g) X(M) to Q{M) ® T(M) by usual 
formulas of differential geometry. The curvature of the connection is the matrix- valued two-form 
= R G f2^(M) (8)2t(M). One can view fi(M) (8)2t(M) as an associative graded superalgebra 
over Q{M) with trace. Multiplication in f2(M)®2t(M) is given by the exterior product in Q{M) 
and the composition of endomorphisms in 2l(M), and the supertrace entering the definition fl5T]) 



CHARACTERISTIC CLASSES OF Q-MANIFOLDS 27 

is defined in a natural way as the f2(M)-linear map Str : Q{M) ® 2l(M) — )■ Q{M) vanishing on 
commutators. 

As is seen from the definition, the Q- invariant forms {C„} are given by the totally antisym- 
metric part of the corresponding (5-cocycles (I4UI) . 
The next theorem is the main result of this section. 

Theorem 7.1. Let M be a Q-manifold with [P„] = 0. Then the 5-cohomology class [C„] G 
Hq{M) contains a d-exact representative. 

Our proof will be based on comparing two spectral sequences canonically associated to some 
bicomplex V G A. 

Consider first the graded subalgebra W = (ao,ai,-- - , cte) C Q{M) ® 2l(M) generated by 
seven tensor fields: 

04 = Vao + a2, as = Voi , Uq = Va2 . 

Note that Vas = in virtue of the Bianchi identity. Let W denote the image of W under 
the map Str : Q{M) ® 2t(M) — > n{M). Since V^a^ = [03,0^] G W, the subalgebra W C 
Q{M) ® 2l(M) is invariant under the action of V and we have the commutative diagram 

wp — ^ WP+^ 

str Str 

lyp — ^ wp^^ 

Therefore {W, d) is a subcomplex of the de Rham complex of M. Furthermore, W is invariant 
under the action of the Lie derivative 5 = Lq. Using the general relation 6ai = Vqai + [oq, cti] 
and the Bianchi identity for the curvature tensor one can readily check that 

5ao = al- \ai , 5ai = [oq, ai] , 5a2 = [oq, 02] - ^a^ , 
6a3 = [ao, cis] - ^6 , Sa^ = , da^ = [oq, 05] - [02, ai] , 

Saa = [ao,ae] - | [03,01] . 

Thus, ly C A is a bicomplex. The following theorem computes the d- and 5-cohomology 
groups of W. 

Lemma 7.1. 



0, otherwise. 



1 0, otherwise. 
The corresponding nontrivial 6- and d-cocycles can be chosen as 

C„ = Stro^ G W^"'", P„ = Stro^ G VT^"'". 

Proof. The cocycles C„ and P„ are obviously nontrivial. To prove that these span the space of 
all nontrivial cocycles we will construct two homotopy operators hi and /i2 such that 

hi6 + 6hi = Ai , /i2(i + dh2 = A2 , 

Ker Ai = span(Ci, C2, ... ) , Ker A2 = span(Pi, P2, ... ) . 
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Define the following pair of odd differentiations of the algebra W: 



Writing 
we find 



hittQ 


= 0, 


hiai = —2ao , 


/iia2 = , 


has 


= 0, 




= , 


h, Ac = — 2(1') . 


hi (Ir = — flq : 








= 0, 


hoa^ = , 






= 0, 


/i2a-4 


= ao , 


/igas = ai , 


/l2a6 = (32 ■ 










Ai = + 6hi , 


A2 = + 






AiOo = 




AiOi = ai + 2al , 


Aia2 = 02 , 


Aitts 


= as 


Aia4 = 


0, 


AiOs = as + 2 [00,02] 


, AiOe = (36 + [ao, (^s] ; 




A2ai = 












A2a3 = 


0. 











(52) 



(53) 



Now for any h = ■ ■ ■ G W and b = Str(6) G we set 

hb = Str(/ii6) , /i2& = Str(/i2&) . 
It is clear that applying the operator A2 = [d, /i2] to b yields 

A2& = Str(A26) = nb, 

where n is the number of letters in the word 6 = ■ ■ ■ which are different from 03. So 
the elements = Stra3 do span the kernel of A2. 

To compute the kernel of Ai = [6, hi] consider the filtration of the space W by the length of 
words in af. 

00 

3 5 ^ ^^^^^^ 6fc e span(Str(aii ■ ■ -ajj) . 

k=n 

As is seen from fl53|) the operator Ai preserves the filtration and the equality Aib = implies 
bn = f^nCn foT some /3„ G M. Since C„ e KerAi, we have Ai(6 — 6„) = and hence 6„+i = 
(3n+iCn+i for some (3n+i G Proceeding by induction, we deduce that b = YlT=n f^kCk- □ 

Suppose now that the nth Pontryagin character of the tangent bundle TM is trivial. To 
model this situation algebraically we extend W by the bigraded space 

A' = snanfF° p2n-l.-p0 pi p2n-2\ 

-IV Dpain^j. „, J. ^, J. „ , J. ^, J. J. „ J, 

wher^ 

= z^F° , F^ = 5F^, , rfF° = P„ = Str(R") . (54) 

It follows immediately from the definition that the extended space V = W (B K is invariant 
under the action of d and 6. Indeed, using the Cartan formula 6 = dig + igd, we find 

dF'^ = kFt' + ^^P„ , dn, = --^dz'+'Pn , 



^In the previous section, the (2n — l)-form F° was denoted by F„, and the function F^" ^ was denoted by 
F„.. 
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"Q ^ n 

Thus, (V, d, 6) is a bicomplex having {W, d, 6) as a subcomplex. 
Lemma 7.2. 

if p = q or p = and q = 2n — 1; 



0, otherwise. 

M, if q = and p is even and not equal to 2n; 
0, otherwise. 



In plain Enghsh, the lemma says that vanishing of the nth Pontryagin character "kills" one 
class of (i-cohomology in degree 2n, giving simultaneously birth to a new 5-cohomology class in 
degree 2n — 1. 

Proof. Define the quotient complex K = V/W. As a linear space K c::^ K. The short exact 
sequence 

— >W ^ K ^0, 

gives rise to a long exact sequence in cohomology. 
For the (i-cohomology we have 

■ ■ ■ -> Hj--\K) A H^iW) ^ Hl-{V) ^ H^iK) ^ ■ ■ ■ 

It follows from (!5ll) that F° is a nontrivial (i-cocycle of i^2n-i,o g^^^^ d[F^] = [P„], where [P„] 
spans Hj"'(W) ~ M. Hence d is epic and = 0. Since Hj"-{K) = 0, we conclude that 

Hnv) = 0. 

Consider now the long exact sequence for the 5-cohomology groups: 

> Hf'-^iK) A Hf'-\W) A Hf'-\V) ^ 

Eq. ([55]) implies that Hf'-^{K) ~ M and ^[F^"-^] = [P„]. By Theorem EH P„ is proportional 
to 5A„(A,R). Hence [P„] = and 9 = 0. Since Hf-'^{K) = and Hl''-\W) ~ M, we infer 
that Hf^'^iy) ~ M^. As a vector space the group is generated by the (5-cohomology 

classes [C^] and [A^]. 

Considering the other segments of the long exact sequences above, one can easily verify that 
H'^{W) = HJl'iV) and H^-\W) = H^''\V) for all m ^ 2n. The details are left to the 
reader. □ 

Now we are in position to prove Theorem 17.11 Consider the total complex V = TotV of the 
bicomplex V: 

= , D = d + 6:V'' ^ . 

p+q=n 

Let 'E = {'E^''^, d'^} and "E = {'Ef.''^, d"} denote two spectral sequences associated to the first 
and second filtrations 

of the total complex V. By definition, 'E^''^ ~ ^|(^^'') and "Ef^ = H^{V''^). Both the spectral 
sequences lie in the first quadrant and converge to the common limit H£,{V). By Lemma [7.21 
the term "Ei is supported on the p-line and "e^^"^'^ = for all m G N. Hence "Ei ~ "E2 — "E^ 
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and H]^{V) ~ Hj'^{V) = 0. On the other hand, all but one of the nonzero entries of {'Ef''^} are 
centered on the diagonal p = g, as it is shown in Fig. 26. The only nonzero off-diagonal group is 
given by ~ ]R. Consequently, 'Ei 'En- The triviality of the group Hf^CV) = implies 

that dn '■ '-E^'^"""^ — )■ E^'" is an isomorphism of one-dimensional vector spaces. Explicitly, one 
may readily see that the space '£;0'2n-i jg generated by the (5-cocycle and the map dn takes 
this cocycle to the 5-cocycle (^^~]^)C„, which generates 'E^'"'. The last fact amounts to the 
existence of a sequence of elements G \/^'2n-i-A; g^^j-^ ^j-^g^i^ 

5Cn + dCn-l = (^^^_^)Cn, 
5c„_i + dCn-2 = , 

6ci + dA^ = , 
SA^ = 0. 

Multiplying the left and right hand sides of the upper line by {^n~i) ^' statement 
of Theorem 17. 1[ 

Here are the explicit expressions for the d-exact representatives of the first three classes [Ci], 
[C2], and [C3]: 

Ci - |(5F? = d [Str(ao) + F^] , 

C2 + 6 [Str(a3ao) + |F^] = d [Str(aoa4 - aoOa) + |F|] , 
C3 + |5 [Str(a3aoa4 + 030400 — 030002 — O3O2O0) — ^2^3] 

= d |^Str(cioO^ — ^0904(22 — ^Oo0204 -|- CLqCL^ ~I~ ^030g 

+ |o3aiOo + |oi03ao) — ^Fs] • 

Since all the Pontryagin characters [P2m+i] are known to be zero, the d-exact representatives 
exist for all classes [C2m+i]- 

8. Applications and interpretations 

8.1. Quantum anomalies. It is a common knowledge that the anomalies appearing in quan- 
tum field theory have a topological nature. In a wide sense, the term anomaly refers to breaking 
of a classical gauge symmetry upon quantization. As a practical matter, the anomalies manifest 
themselves as nontrivial BRST cocycles in ghost number 1 or 2 depending on which formalism, 
Lagrangian BV or Hamiltonian BFV, is used. These cocycles represent cohomological obstruc- 
tions to the solvability of quantum master equations. Below we interpret the modular class 
[A'J] of the BRST differential as the first obstruction to the existence of quantum master action. 
Examining the existence problem for the quantum BRST charge we encounter the universal 
cocycle C2, whose association with anomalies, however, is more complicated. 

Throughout this section, we assume that the reader is familiar with basics of the BRST 
theory. The general reference here is [1]. A comprehensive review of quantum anomalies and 
renormalization in BV formalism can be found in [36l. 
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8.1.1. One-loop anomalies in the BV formalism. In the Batalin-Vilkovisky approach to the 
quantization of gauge systems, one usually deals with the odd cotangent bundle IIT*M of an 
(infinite-dimensional) supermanifold M. The local coordinates {x*} on M are called fields and 
the linear coordinates {x*} on the fibers of IIT*M are called antifields. The total space of 
nT*M, denoted below by is endowed with the canonical antibrackelH 

(f n) = r_1^^>W/)+l)^_^ _ / + Og 

^ ' dx'dx* ^ ' dx*dx' 

for all f,g& C°°{Ai). Besides the Grassman parity, the structure sheaf of functions on Ai is 
endowed with an additional Z-grading, called the ghost number, so that gh(x*) = — gh(x*) — 1. 
The presence of the extra Z-grading is inessential, for our consideration and we will not mention 
it below. 

The Feynman probability amplitude ea"^ on the space of fields and antifields is defined by 
the quantum master action S G C°°(A^) ® C[[/i]]. The latter is given by a formal power series 
in h with smooth even coefficients and obeys the quantum master equation 

{S, S) = 2ihAS ^ AeT.^ = . (56) 

Here A : C°°{M.) — i- C°°{Ai) is a second-order differential operator, called the odd Laplacian. 
It is defined in terms of a nowhere zero density p on by the rule 

A/ = l(-l)^(/)div,X;, 

where Xf = (/,■) is the Hamiltonian vector field associated to / G C°°{A4). The density p is 
supposed to be chosen in such a way that = 0. For example, if a is a nowhere zero density 
on M, then p = o"^ is an appropriate density on M. 

A fundamental property of the odd Laplacian is that it differentiates the antibracket: 

Aif,g) = {Af,g) + {-l)<^^^\f,Ag). 

This relation is easily derived from the following one identifying the antibracket as the defect 
of the odd Laplacian to be a differentiation of the commutative algebra of functions: 

A{f-g) = Af-g + (-1)^(^)(/, 9) + (-l)^^^V ■ ^9 ■ 

All the above properties of the antibracket and the odd Laplace operator allow one to look 
upon the quantum master equation (l56l) as a sort of Maurer-Cartan equation. 

By definition, the quantum master action S = So + hSi + ■ ■ ■ can be regarded as a formal 
deformation of the classical one 5*0 G C°°{A4). Expanding (!56|) in powers of h yields the 
sequence of equations 

(5*0, 5*0) = , 

(5*0, 5*1) = iASo , ^^^^ 

{So,Sn) = iASn-l + ^{Sk,Sn^k) , n^2. 
k=l 

The first equation is known as a classical master equation. Its solution 5*0 is completely deter- 
mined (under some properness and regularity conditions) by the classical gauge theory and can 
be systematically constructed by means of the homological perturbation theory [1]. Given a 



^Another name is the odd Poisson bracket. Upon identification C°°{M) with the space of poly vector fields 
on M, the antibracket becomes the standard Schouten-Nijenhuis bracket. 
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classical master action 5*0, the actual problem is to iterate the higher-order quantum corrections 
Sn satisfying 

The classical master equation ensures that the Hamiltonian action of 5*0 defines a homological 
vector field Q = {Sq, ■ ) on A^, called a classical BRST differential. With the BRST differential 
Eqs. (I37|) take the cohomological form 

By induction on n, one can see that the function Bn is 5-closed, provided that Sq, Sn-i 
satisfy the first nth equations f l57|) . Thus the existence problem for the quantum master action 
appears to be equivalent to the vanishing of a certain sequence of the 5-cohomology classes 
[Bn] in which the nth cohomology class is defined provided that all the previous classes vanish. 
In particular, the second equation in f lFTI) expresses the triviality of the modular class [A'j*], 
where A° = ASq = |diVpQ. This allows us to identify the modular class of the classical BRST 
differential with the first cohomological obstruction to the solvability of the quantum master 
equation. 

8.1.2. Two-loop anomalies in the BFV formalism. The Hamiltonian analog of the BV field- 
antifield formalism is known as the BFV formalism. This time all the information about the 
gauge structure of a theory is encoded by the quantum BRST charge Q. In the deforma- 
tion quantization approach [37], one regards fl as an odd element of the associative algebra 
(C°°(M) (8) C[[^]],*), where M is a supermanifold endowed with a non-degenerate Poisson 
bracket {■, ■} and the *-product on C°°{M) C[[^]] is defined as a local, C[[^]]-linear deforma- 
tion in h of the ordinary function multiplication satisfying the correspondence principle 

(Again, we leave aside the ghost grading on M.) By definition, the charge VL obeys the quantum 
master equation 

Vt*Vt = Q. (58) 

It is well known [5B] that all the inequivalent *-products on a given symplectic manifold 
(M, cj) are in one-to-one correspondence with the elements of the affine space [uj]/h + H'^{M) ® 
C[[/i]]. The points of this space are called characteristic classes of the ^-product and are 
denoted by cl(*). Below we set for definiteness cl(*) = [uj\/h. The explicit recurrent formulas 
for Fedosov's ^-product on symplectic supermanifolds can be found in [39], [IQ]. One more 
fact about the deformation quantization we need below is that any ^-product on a symplectic 
manifold is equivalent to one with the property 

/*„^? = (-l)("+^(^)^(^»^?*„/, 

where *„ stands for the bidifferential operator determining the n-th order in the ^-expansion 
of *. 

Substituting the general expansion Vt = J2n^o^"^n (l58|) . we get a (possibly infinite) 
sequence of equations 

{fio,f2„} = - ^ ni*k^m- (59) 

k+l+m—n~\-l 

The first equation of this sequence, {Qq, Qq} = 0, is called the classical master equation for the 
classical BRST charge Qq. The charge Qq is completely determined by the first-class constraints 
of the original Hamiltonian theory and, similar to the classical master action, it can always be 



CHARACTERISTIC CLASSES OF Q-MANIFOLDS 



33 



constructed by means of the homological perturbation theory. The classical BRST differential 
S is defined now by the homological vector field Q = {i^o? ■ } on M. Then the next equation in 
(jSni) takes the form 

6Qi = 0. (60) 
It identifies the first quantum correction to the classical BRST charge with a BRST cocycle. Let 
{/; 9} = (n, df A dg), where the triangle brackets denote the natural pairing between bivectors 
and two-forms. Then the second-order correction ^2 is defined by the equation 

5^2 = (n, ^C2 - ^dQi A dQi) , (61) 

with C2 being here the second universal cocycle of the C-series associated to the classical 
BRST differential Q. If F are the local one-forms determining a symplectic connection V, then 
C2 = StT {ST A 6T). 

Since the homological vector field Q is Hamiltonian, the Poisson bivector is Q-invariant, 
SU = 0, and the right hand side of ( ET\i is obviously (5-closed (but not 5-exact in general). Thus 
the class [C2] can obstruct the solvability of the quantum master equation. More precisely, we 
have the following 

Proposition 8.1. Let (M, cj) be a symplectic supermanifold endowed with the Hamiltonian 
action of a classical BRST differential 5. If [C2] = 0, then there exists a * -product on M such 
that the quantum master equation [5^] is solvable up to order three in h. 

In case [C2] = we can set f2i = and take fl2 = (n, 5~^C2). It should be noted that the 
above analysis of low-order anomalies is not complete as we have restricted ourselves to a par- 
ticular class of *-products. For a general *-product with cl(*) = [n~^]/^+ [uq] + h[ui] + ■ ■ ■ the 
right hand sides of equations (1601) and fl6T]) will involve additional 5-closed terms proportional 
to uq and ui. 

8.2. Characteristic classes of foliations. Given a regular foliation J-" of an ordinary (even) 
manifold A^, denote by TJ-" C TN the subbundle of tangent spaces to the leaves of J-'. Since TJ-' 
is integrable, the inclusion map TJ-" — )■ TN defines a regular Lie algebroid over N. Thus, there 
is a one-to-one correspondence between the categories of regular foliations and injective Lie 
algebroids. On the other hand, to any Lie algebroid E — )■ TN one can associate a homological 
vector field on Ilii^ (see Example 1.2) together with the corresponding characteristic classes. 
When the Lie algebroid comes from a regular foliation, these characteristic classes can be 
attributed to the foliation itself. Furthermore, the construction of characteristic classes, being 
insensitive to the regularity of the Lie algebroid structure, can also be used to the study 
of singular foliations. The question of whether every singular foliation corresponds to the 
characteristic foliation of a Lie algebroid remains open. Below we give an example of regular 
foliation with nontrivial modular class. 

Let SL{2,'R) denote the group of 2 x 2-matrices with real entries and determinant 1. It 
is well known that this group admits discrete subgroups F such that the right quotient space 

= 5'L(2,M)/F is a compact manifold. Since S'L(2,M) has dimension three, so does N. 

Let {ca} be Weyl's basis in the space of right invariant vector fields on SL{2,M.): 

[e_i,ei] = 2eo , [eo,ei] = ei, [cq, e_i] = -e__i . 

The canonical projection n : 5'L(2,]R) — )■ N takes {ca} to the vector fields e^ = n^,{ea) on 
N satisfying the same commutation relations. (The vector fields Ca and e^ are said to be tt- 
related.) The pair {eo,ei} generates the action of the Borel subalgebra B C s/(2,M) on A^. 
Hence, we have a two-dimensional foliation J-" of M. The inclusion map p : TJ-" — )■ TN defines 
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the transformation Lie algebroid E = N x B over A^. If are local coordinates on N and c° 
are odd coordinates on 115, then the homological vector field on x UB reads 

O - r°e' — + r^e* — - r°r^ — 
^ ~ dx^ ^ dx^ '''' dc^- 

Notice that the dual to the three-vector e_i A eg A ei is a SL{2, M)-invariant volume form a 
on A^. Therefore, divg-ea = 0. Taking p = adc^dc^ to be a nowhere zero integration density on 
N X TIB, we get the nontrivial 5-cocycle 

A? = diVpQ = c° . (62) 

If A5 were trivial there would be a function / G C°°{N) such that eg/ = 1. But every function 
on a compact manifold has a critical point p at which (eo/)(p) = 0. Thus the modular class of 
the foliation J-" is nontrivial. 

It is interesting to note that the foliation J-" is the one that was originally used by Roussarie 
to demonstrate the nontriviality of the Godbillon-Vey class [H], [T3]. It is not an accident that 
both the modular and Godbillon-Vey classes of J-" are nonzero. One can see that the modular 
class fl62|) coincides in fact with the Reeb class of J-". The latter takes value in Hjr{N), the first 
group of the leafwise cohomology. It is well known that the vanishing of the Reeb class results 
in the vanishing of the Godbillon-Vey class but not vice versa in general. Thus, we have the 
implication ^ ^ Al[J^] ^ 0. A detailed discussion of the relationship between the 

modular and Reeb classes of regular Poisson manifolds can found in 



8.3. Lie algebras. Let ^ be a Lie algebra with a basis {ta} and the commutation relations 

[ta,tb] = fab^d- 

Then the homological vector field on 11^ is given by 

The linear space of functions on 11^ endowed with the differential S gives us a model for the 
Chevalley-Eilenberg complex of the Lie algebra Q. With a flat connection on 11^ we see that the 
characteristic classes of A-series ( 138|) are nothing but the primitive elements of the Lie algebra 
cohomology: 

An = tr (adai ■ ■ ■ a.da,^^,y' ■ ■ ■ c"'-' G N , 

with ada = (/ab) being the matrices of the adjoint representation of Q. 

The universal cocycles of B- and C-series are then identified with Ad-invariant tensors on 

ng-. 

d 

Bn = {ada, ■ ■ ■ adaJl^^^dc"' ® ■ ■ ■ ® dc"- ® rfc""+^ ® ^ , 

Cn = tr(adaj ■ ■ ■ adajdc"-^ O ■ ■ ■ (g) dc"" Vn G N . 

Since any coboundary of fl63|) is necessarily proportional to c", the tensor cocycles are either 
zero or nontrivial. In case Q is semi-simple, for instance, the one-form Ci is zero, while the 
two- form 6*2 is non-degenerate (the Killing metric). 
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Appendix A. The exponential map 

In this Appendix, we reformulate the chain property f[T7|) of the characteristic map G : TM — 
E as the integrabihty condition for some homo logical vector field on TM. As a by-product, we 
get an explicit expression for the action of 5 on the basis covariants {d^'Q} of a flat Q-manifold. 

Given a smooth manifold M, we can treat the total space of the tangent bundle TM as a 
"partially formal" manifold, that is, formal in the directions of fibers. Concerning the general 
theory of partially formal supermanifolds we refer the reader to [3], |13]. Let J-" denote the 
commutative algebra of formal functions on TM; the elements of are formal power series in 
fiber coordinates with smooth coefficients: 



7 3 f{x,y) = J2y'"---y''fh-i 



n=0 



The expansion coefficients fii---i„{x) are covariant symmetric tensor fields on M. We define the 
formal vector fields on TM to be the derivations of the commutative algebra J-" and denote the 
Lie algebra of all the derivations by Der(J-'). 

The natural inclusion i : C°°{M) — )■ J-" identifies C°°(M) with the subalgebra of y-independent 
functions of J-". Suppose M admits an affine connection d with zero torsion and curvature. Then 
we can define one more homomorphism : C°°(M) — )■ J-" known as the exponential map. The 
exponential map takes a smooth function / G C°°{M) to the formal function 

oo ^ 

= /(x + ^ V -J- ■ ■ -y^^d,, ■ ■ ■ dUix) . 
^-^ n! 



n=0 



It is clear that 0(/ ■ g) = (f){f) ■ (p{g). 

Associated to the exponential map of functions is the exponential map of vector fields 

0' : X(M) ^ Der(J^) . 

This is defined as follows. Consider C°°{M) and J-" as left modules over the Lie algebras X(M) 
and Der(J-'), respectively. Then for any vector field X e j£(M) there is a unique formal vector 
field X = (f)'{X) G Der(J-') such that the following diagrams commute: 



X 



X 



7 



7 



(M) C^{M) (M) (M) 



In terms of local coordinates adapted to d we have 
X 



n=l ^ 



(64) 



The pair (0', 0) defines a homomorphism of the X(M)-module C°°(M) to the Der(J-')-module 

0'([A, Y\) = [0'(A), 0'(r)] , 0'(X)0(/) = 0(A/) . 
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Now let US apply the exponential map to a homological vector field Q on M. The result 
is a formal homological vector field Q on TM. The latter can be expanded in the sum of 
homogeneous components 

oo 

Q = ^Qn, [N, Qn] = nQn , 

n=0 

where = y^djdy^ is a vertical vector field on TM called sometimes the Euler vector field. 
The integrability of Q implies that 

1 

2[go, = -Yl t^™-'^' ^'^] Vm G N . (65) 

k=l 

In particular, 

is a smooth homological vector field defining a Q-structure on the tangent bundle TM. The 
other homogeneous components {Qn}'^=i of Q are vertical vector fields, which are naturally 
identified with the elementary local covariants of the flat Q-manifold M. Upon this identifi- 
cation Eq. (1^^ compactly expresses the action of 6 on the elementary local covariants {d^Q} 
with n > 1. Namely, 

m—l 

SQm = ' ^'^l Vm G N . (66) 

fc=i 

For the remaining two generators - the homological vector field Q itself and its first covariant 
derivative A := dQ G 2l(M) - we have 

= , = (67) 

As is seen, Eq. ( 166|) coincides exactly with Eq.( IT8|) characterizing the Gauss map ( [T2|) as a 
morphism of Q-manifolds. 

Appendix B. Scalar characteristic classes 

Let M be a Q-manifold endowed with a symmetric affine connection V and let A be the 
differential tensor algebra of the local covariants associated to Q and V. As a tensor algebra, 
A is generated by the repeated covariant derivatives of the homological vector field and the 
curvature tensor. A suitable generating set of A is given by the following elementary covariants: 

QU.,. = V{n ■ ■ ■ V.„,,)Q^ - V(, ■ ■ ■ V.^Rl^^,^^^^,Q' , (68) 
= V ■ ■ ■ ■ V i?-' 

21---*n+3 *1 *n «n+l«n + 2«n + 3 ' 

The round brackets denote symmetrization of the enclosed indices. Notice that the generators 
are not free and satisfy an infinite set of tensor relations coming from the integrability con- 
dition for the homological vector field, the Bianchi identities for the curvature tensor, and all 
their differential consequences. Of particular importance for our analysis will be the following 
identities: 

VqQ = 0, VqA = -A' + ^Rqq, (69) 
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Rqx{Q) = -{-i)<''^'^^^Rxq{Q) = \Rqq{X) , 

(70) 

^Qq(Q)=0, VqRqq = Q. 

The action of the differential 5 = Lq is given by 
5Q^ = 0, 

"Vii...i„+2 1^1=2 \ I y V(ii...i,Vmi,+i--i„+2) ' 

^Rii-in+3 — Q Riii-i„+i ~ Rh-i„+iQl 

As is seen the generators in the second and third hnes of fl68l) . taken separately, generate 
two differential ideals of A, which we denote respectively by Q and TZ. The quotient A/ Q is 
naturally isomorphic to the differential subalgebra Q' C A generated by , Ql, and {Rij^...i^_^^} , 
so that the complex A breaks up into the direct sum of subcomplexes 

A=Q®Q'. 

Notice that B„, C„ G Q, while P„ G Q'. Yet another decomposition is due to the tensor type 
of cochains the complex A consists of: 

^ = ^"."^ , = ^ n T''"" (M) . 

n,m 

The elements of A can also be depicted graphically as directed, decorated graphs with "black" 
and "white" vertices. The graphs are constructed by gluing together incoming and outgoing 
legs of the corollas 



Qii---in 




and i?i 




by the general rules discussed in Sec. [5l The planarity of the corollas allows us to order the 
incoming legs by reading them anticlockwise with respect to the vertex so that the first incoming 
leg appears to be the nearest one to the outgoing leg from the left. This order, however, is 
only crucial for the correspondence between the white corollas and the /^-generators, as the 
Q-generators are fully symmetric in the lower indices. 

Let us now clarify the structure of the differential subalgebra A^'^ C A. Denote by A^'^ = 
A°'^/{A^'°y the subspace of indecomposable elements of Then = 0fcgN('^°'°)'' ^"^^ 
we have the following 

Proposition B.l. In the stable range of dimensions, the complex A^''^ is isomorphic to the 
complex W of cyclic words from the proof of Theorem \6.1\ 

Proof. The elements of AP'^ correspond to linear combinations of connected graphs without 
legs. If r is such a graph, then it has the same number of vertices and edges. Therefore, F 
contains exactly one cycle. The arrows of this cycle are all directed into one side, and the 
remaining edges are directed towards the cycle, forming trees growing from the cyclic vertices 
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(possibly several from a single vertex). The "crown" of each tree is made of univalent black 
vertices that may join either a cyclic or a non-cyclic vertex. In the latter case F contains one 
of the following subgraphs: 




But in view of the symmetry of the Q-generators in lower indices and the deferential conse- 
quences of the identities (1^ . ( 170]) all these subgraphs correspond to zero elements of A. Thus 
the non-vanishing elements of A^'^ are represented by graphs having no non-cyclic vertices 
other than univalent black vertices. The cyclic vertices can also produce vanishing subgraphs if 
the algebraic identities fl69|) . flTOj) are allowed for. Relations fl69|) and the symmetry of Q-type 
generators force us to set 




n>l 



Further, taking the iterated covariant derivatives of relations (ITOl) . we arrive at the following 
graph equahties: 




All the relations above severely restrict the possible form of a cyclic vertex, leaving in fact 
only two nontrivial options: 



These vertices correspond to the tensors A and R = Rqq, which are already algebraically 
independent in the stable range of dimensions. Identifying these tensors with the generators of 
the cyclic space (l48ll . we get the desired isomorphism between the complexes A^'^ and W. □ 

As immediate corollaries from the proposition above we have 

Corollary 3. The complex of scalar covariants A^'^ is acyclic. 

Indeed, from the proof of Theorem 16.11 we know that the complex W ~ is acyclic. 
Applying the Kiinneth formula to = 0fceN('^°'°)'^'^ yields the statement. 

Corollary 4. The functions Pn are nontrivial 6-cocycles of the subcomplex TZ G A. 

Suppose the statement were false. Then we could find a function fn ^TZ such that 6fn = Pn- 
By Theorem l6.lt the function 

A„(A,R)-(2"-Vn 

would be then a nontrivial intrinsic 5-cocycle, which contradicts acyclicity of A^'^. 
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Appendix C. The metric connection and A-series 

The proof of Proposition 16.11 Due to the fundamental classification theorem for smooth 
supermanifolds [44j, we can identify M with the total space of an odd vector bundle tt : E ^ Mq, 
where Mq is the body of M. Consider the triple {g^, g^, V^) consisting of a Riemannian metric 
g^ on Mo, a Euclidean metric g^ on HE, and a connection on E. Without loss in generality 
we can assume V"^ to be compatible with g^ (otherwise replace by V^ — |((y'^)~^V^(y'^). Notice 
also that the metric g^ on Ilii^ defines and is defined by a fiberwise symplectic structure on E. 

Let {x*} be a coordinate system in a trivializing chart U C Mq and let {6*"} be odd coordinates 
dual to some frame {ca} in E\u. If V^(ea) = (ixT^^Cb, then the local vector fields 

span, respectively, the subspaces of vertical and horizontal vector fields of T{E\u). Define the 
affine connection V on the total space oi E\u by setting 

Vh^j = T\^hk , Vh^va = T^v, , V.>. = , V,,v, = , (72) 

where Ff^ are the Christoffel symbols of a unique symmetric connection V° compatible with 
the metric g^. Relations (172|) are obviously form invariant under the coordinate changes 

on all nonempty intersections E\ij r\ E\iji] hence V is a well-defined affine connection on the 
whole M. The connection V is not symmetric unless is ffat. The nonzero components of 
the torsion tensor T are given by 

where {Rija} is the curvature tensor of V^. Subtracting torsion from V yields a symmetric 
connection V = V — |T on M. 



In the frame flTTl) . the nonzero components of the curvature tensor of V are collected to the 
following supermatrices: 










pa 



R^ 



■Vahi 















(73) 



where V = V° © V"^ is the connection on TMq © E and {R^j^} is the curvature tensor of V°. 
Since the supermatrices have the block-triangular form, we readily get 

pV _ /pV" _ pVi N _ Q 

Here we used the definition of the supertrace and the fact that both V*^ and are metric 
connections. Thus, V is a desired connection. 

The proof of Proposition 16.21 Let V and V be two metric connections associated to the 
triples ((yf°,(7\ V^) and (^,^^, V^). Define the triple (5'°, , V^), where 

g^^={l-t)g' + t-f, gl = (^l-t)g' + tg\ 

and 

= (1 - t)V' + tv' - ligir'iil - t)V' + tV']gl 
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is a one-parameter family of connections interpolating between and as t runs the interval 
[0,1]. By definition, 'V^gj = 0. Denote by V° the symmetric connection compatible with g^, 

and let V be the symmetric connection associated to the data ((7°, , V^)- 

The rest of the proof runs in much the same way as the proof of Theorem I2.1[ Namely, 
we introduce the product manifold M = M x M}^^ endowed with the homological vector field 
Q = Q + 9dt and the connection V =V ©V, where V' is the standard fiat connection on M^'^. 
The matrices A = VQ and R = [V^, Vq] have the form 














1 








R 
















where 

At =Vg , = dtiijQ) , Rt = [Vq, Vq] . 

Taking into account the identities 

dtRt =Vq *t , Vq Rt = , Pst+ilQ) = , 
one can easily check that 

pL+i(Q) = QF2m+i , F2n^+l = (2m + 1) / Str((R,)2-^,)rfs . 

Jo 

Similar to the curvature (!73|) the supermatrix has the block-triangular form 





This allows us to rewrite the function -F2m+i as 



v^? = 9i(Vo"), a = 0,1 



F2„+i = (2m + 1 



r[tr((R°)2-vl/0)_tr((Rl)2-vl/i)]rf,, 

^0 



where R" = [Vq, Vq]- Denoting = (g^) dtg^ and using the obvious identities 

{gtr'^'^gt = - v^it , {gtr'Kg? = -K , <^qK = o 

(the first one is obtained by differentiating the identity VqS'" = 0), we get 

F2m+1 =Q U2m+l{s)ds, 



(74) 



f/2„+i(t) = (2m + 1) [tr((R0)2™/0) - tr((Rj)2-//)] 



Now substituting Q and V to the general formula ( l49i) . we obtain the following Q-invariant 
function on M: _ _ _ 

Mm+l = A2m+l(A, R) - (2™;J;jF2m+i 

= A2^+i(Ai, Rt + e^t) - GSD^^^+i 

= A2m+l(At, Rt) — (2m+l)-^2m+l + ^W^2m+1 • 

In view of equation fITil) . the identity QA^j^+i = amounts to 
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QA2,„+i(At,Rt) = 0, 

dtA2rr,+,{At,Rt) = Q [W,^+l + K;)^2m+l] • 

Integrating the last equality with respect to t from to 1, we conclude that 5-cocycles A2m+i(Ao, R-o) 
and A2m+i(Ai,Ri) associated to the metric connections V and V are cohomologous, and the 
proof is complete. 

References 

[1] A.Yu. Vaintrob, Lie algehroids and homological vector fields, Uspekhi Matem. Nauk, 52, N2 (1997) 161-163. 
[2] M. Alexandrov, M. Kontsevich, A. Schwarz and O. Zaboronsky, The Geometry of the Master Equation and 

Topological Quantum Field Theory. Int. J. Mod. Phys. A12 (1997) 1405-1430. 
[3] M. Kontsevich, Deformation quantization of Poisson manifolds, I, Lett. Math. Phys. 66 (2003) 157-216. 
[4] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems, Princeton University Press, Prinston, 

N.J, 1992. 

[5] A. Schwarz, Semiclassical approximation in Batalin- Vilkovisky formalism, Commun. Math. Phys. 158 
(1993) 373-396. 

[6] A.S. Cattanco and G. Folder, Relative Formality Theorem and Quantisation of Coisotropic Submanifolds, 

Adv. Math. 208 (2007) 521-548. 
[7] P.O.Kazinski, S.L.Lyakhovich and A.A.Sharapov, Lagrange Structure and Quantization, JHEP 

07(2005)076. 

[8] S.L. Lyakhovich and A. A. Sharapov, BRST theory without Hamiltonian and Lagrangian, JHEP 
03(2005)011. 

[9] S.L. Lyakhovich and A. A. Sharapov, Schwinger-Dyson equation for non- Lagrangian field theory, JHEP 
02(2006)007. 

[10] S.L. Lyakhovich and A. A. Sharapov, Characteristic classes of gauge systems, Nucl. Phys. B703 (2004) 
419-453. 

[11] S.L. Lyakhovich, E.A. Mosman and A. A. Sharapov, On characteristic classes of Q -manifolds, Func. AnaL 

AppL 42, Nl (2008) 75-77; preprint arXiv:math.qA/0612579v2. 
[12] J. A. Schouten, Ricci calculus. Springer, Berlin-Gottingen, 1954. 

[13] J. Janyska and M. Markl, Combinatorial differential geometry and ideal Bianchi-Ricci identities, preprint 

arXiv:math.DG/0809. 1158vl. 
[14] D.B. Fuks, Cohomology of Infinite-Dimensional Lie Algebras, Consultans Bureau, New York, 1986. 
[15] D.B. Fuks, Stable cohomologies of a Lie algebra of formal vector fields with tensor coefficients, Funct. Anal. 

Appl. 17, N4 (1983) 295-301. 
[16] M. Kontsevich, Feynman diagrams and low- dimensional topology. First European Congress of Mathematics 

(Paris, 1992) vol. II, Progr. Math. 120, Birkhauser Basel (1994) 97-121. 
[17] M. Kontsevich, Formal (non) -commutative symplectic geometry. The Gelfand Mathematical Seminars, 

1990-1992, Birkhaser Boston, Boston, MA (1993) 173-187. 
[18] M. Kontsevich, Rozansky-Witten invariants via formal geometry, Comp. Math. 115 (1999) 115-127. 
[19] D.A. Leites, Theory of SupermMnifolds (in Russian), Petrozavodsk, 1983. 

[20] D.A. Leites, Introduction to the theory of supermanifolds, Russian Math. Surveys 35, Nl (1980) 3-57. 
[21] G. Segal, Eqmvariant K-theory, Publ. math, de 1' I.H.E.S. 34 (1968) 129-151. 

[22] H. Weyl, The classical groups. Their invariants and representations. Fifteenth printing. Princeton Univer- 
sity Press, 1997. 

[23] B.L. Feigin and D.B. Fuks, Stable cohom,ology of the algebra Wn and relations in the algebra Li, Funct. 

Anal. Appl. 18, N3 (1984) 264-266. 
[24] V. Dolotin and A. Morozov, Introduction to Non-Linear Algebra, preprint arXiv:hep-th/0609022v4. 
[25] M. Markl, Natural differential operators and graph complexes, Diff. Geom. Appl. 27, N2 (2009) 257-278. 
[26] M.V. Losik, On cohomologies of Lie algebras of vector fields with nontrivial coefficients, Funct. Anal. Appl. 

6 (1972) 289-291. 

[27] S.A. Merkulov, PROP profile of deformation quantization and graph complexes with loops and wheels, 
preprint arXiv:math.ClA/0412257v7. 



42 



S. L. LYAKHOVICH, E. A. MOSMAN AND A. A. SHARAPOV 



[28] M. Markl, S. Merkulov and S. Shadrin, Wheeled PROPs, graph complexes and the master equation, J. Pure 

Appl. Algebra 213, N4 (2009) 496-535. 
[29] D. Quillen, Superconnections and the Chern character, Topology 24, Nl (1985) 89-95. 
[30] A. Kotov and T. Strobl, Characteristic classes associated to Q-bundles, preprint 

arXiv:math.DG/0711.4106vl. 
[31] R.L. Fernandes, Lie Algebroids, Holonomy and Characteristic Classes, Adv. in Math. 170, Nl (2002) 

119-179. 

[32] A. Weinstcin, The modular automorphism, group of a Poisson manifold, J. Geom. Phys. 23 (1997) 379-394. 
[33] J.-L. Brylinski and G. Zuckerman, The outer derivation of a complex Poisson manifold, J. Reine Angew. 
Math. 506 (1999) 181-189. 

[34] S. Evens, J.-H. Lu and A. Weinstein, Transverse measures, the modular class and a cohomology pairing for 

Lie algebroids. Quart. J. Math. Oxford Ser. 2, 50 (1999) 417-436. 
[35] J. Huebschmann, Duality for Lie-Rinehart algebras and the modular class, J. Reine Angew. Math. 510 

(1999) 103-159. 

[36] G. Barnich, Classical and quantum aspects of the extended antifield formalism, preprint 

arXiv:hep-th/0011120vl. 
[37] B.V. Fedosov, Deformation quantization and Index Theory, Akademic Vcrlag, Berlin, 1996. 
[38] M. Bertelson, M. Cahen and S. Gutt, Equivalence of star products. Class. Quant. Grav. 14 (1997) A93-A107. 
[39] K. Bering, Three natural generalizations of Fedosov quantization, SIGMA 5 (2009) 036. 
[40] M. Bordemann, The deformation quantization of certain super-Poisson brackets and BRST cohomology, 

in Conference Moshe Flato 1999, Quantization, Deformation, and Symmetries, Vol. II, Eds. G. Dito and 

D. Sternheimer, Kluwer Acad. Publ. (2000) 45-68. 
[41] C. Godbillon and J. Vey, Un invariant des feuilletages de codimension un, C.R.Acad. Sci. Paris 273 (1971) 

92-95. 

[42] A. Abouqateb and M. Boucetta, The modular class of a regular Poisson manifold and the Reeb class of its 

symplectic foliation, C.R.Math Acad. Sci. Paris 337 (2003) 61-66. 
[43] A. Konechny and A. Schwarz, Theory of {k(Bl\q) -dimensional supermanifolds, Sel. Math., New ser. 6 (2000) 

471-486. 

[44] M. Batchelor, The structure of supermanifolds. Trans. AMS 253 (1979) 329-338. 

Department of Quantum Field Theory, Tomsk State University, Lenin ave. 36, Tomsk 634050, 

Russia. 

E-mail address: sllOphys. tsu.ru 
E-mail address: inosinaii@phys.tsu.ru 
E-mail address: sharapov@phys.tsu.ru 



